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1.0, INTRODUCTION

The study of motion is of great importanc? and interest in general

relativity because of the unique feature of Einstein's field equations which
:rmﬂuathem determine the motion of their localized sources. In other field

theorles Such as electromagnetic theory the equations of motion have to be
added to the field equatiqna as an independent postulate. In geﬁeral
relativity, however, the equations of mqtion are derivable from the field
eqnatiéns and may not be postulated independently.

Historically, the pbstulate‘of geodesic motion for test bodies was

1 alongside his field equations 2in his original

iptroduced by Einstein
formulation of general relativity in 101€. FEleven years later he and
Grommer2 ahowed that the'equatioﬁs of motion for test bodies couid actﬁaliy
be derived from the field equations end need not be postulated separatelyv.
Then in 1938 the problém of motion for heavy bodies was solved for the first
time by Einstein, Infeld, and Hoffmann (EIH)3 who showed that the equatioﬂs
of motion for two bodies could also be determined from the field eguatlons.
Independently of EIH, Fockh a year later also pbtained the two-~-body equatlons
of motion but only in the Newtonian approximation. The post-Newtonlan
equations of motion were later cbtained by_Papapetrau5 with a simplified.
version of Fock's method and shown to be the same as the results of ETH.
Since then a number of refinements and new techniques have lLeen devéloped‘-
to study motion in general relativity.6

In order to discuss how equatlions of motion arise in general:
relativity, 1t will be necessary first te zive a brief review of tune theéry.Y

General relativity is essentially a geometric theory of gravitation in which
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space-time is regarded as a four-dimensional, normal, hyperbolic
Riemannian manifold with signaturef+--~)., The metric tensor gy which is

defined by the line element#®
2 Ho V
ds” = g dx'ax, | (1.1)

plays the role of gravitational potential and the Riemann tensor Ruvpo’
which is a non-linear function of 5uv and its partial derivatives up to
gecond order, represents the curvature of space-time due to the presence

of matter., The relation between the metric field 3uv and its material sources
is expressed by Einstein's field equations

= Y
Guv - Ruv = 78

R= - hnkTW (1.2)
where k is a universal conatant+, Tuv is the stress-energy-momentum tensor
of the matter distribution, and Guv is the Einstein tensor, with the Ricei tensor
o .
Ruv definea by Ruv = R Lav and the scalar curvature R defined by R = R a
Now, the two properties of these field equations which meke them

impose restrictions on their sources are: general covariance and non-

1inearitx.8’9 The covariance of the theory with respect to arbitrary

coordinate transformations implies that 1okd satisfy four differential
#*%
identities, namely, the contracted Bienchi identities

*
Greek indices are to range and sum over 0,1,2,3; lower case Latin
indices, over 1,2,3; and upper case Latin indices, over 2,3,

fThe constant k is related to the Newtonien gravitatipnal constant G

and the velocity of light ¢ by means of the equation k = 2G/e”. In our
calculations we shall generally take ¢ = 1.

**A semicolon shall denote covariant differentiastion; a comma, partial
differentiation,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3V 0 (1.3)
vhich in turn impose restrictions on ™V via the field equations, i.e.
™. vao (1.%)

It follows from this that the diatribution of matter cannot be arbitrarily
assigned if a solution of (1.2) is to exist, Thus, by requiring that the
field equations be satisfied whenever (1.4) is satisfied, one can obtain the
equations of motion of the scurces deacribed by T"v. Moreover, the non-
linearity of the field equations ensures that the equations of motion so
obtained are non-trivisl, i.e, they give rise to interactions between mass
points, for example, Some linear field theories, which are inverient under
a group depending on arbitrary functions, also restriet theilr sources but
they always lead to trivial equations of motion with no interactions.lo

The problem of motion in general relativity is actually concerned
with two relaﬁed. but separate, queations., The first is the motion of a
test body (e body with vanishing mass) in a given gravitational field. The
second is the n-body problem where the task is to find both the motion of a
finite number n of heavy bodies (bodies with finite mass) and the gravitational
field produced by these n bodies,

In the case of test bodies, one considers a timelike world tube and
essumes that the matter tensor TV is small but finite inside the tube and
zero outside. Ultimately, the tube is to be shrunk to a single world line by
meens of & suitable limiting process which makes ™V zero everywhere except
on the world 11ne.6c By epplying a perturbation method to (1.2) and (1.k4),
one then obtains equations of motion in the form of elgebraic relations and

differential equations for the mass multipole moments defined in terms of
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Tw.n'lh Alternatively, one could find the eguastions of motion of the

test particle by analyzing the gravitational field outside the world
line of & particle of mass m (treated as a singularity of the field) and
then taking the limit m » 0.:1'5':"6 In either way, it can be shown that
the world line of a teat monorole particle is necessarily a geodesic.

For the n-body problem, there are basically two methods that have
been used to derive equations of motion: the EIH method which is based on

17-20

the vanishing' of a certain two-dimensional surface integral and the

method of Fock and Papapetrou which makes explicit use of the matter
tensor.el'zh In general, one considers a finite number of localized bodies
each of which is enclosed within a timelike world tube and assumes that
™V vanishes outside these tubes., It is also assumed that the system of
bodies is isolated and that the gravitational field is relatively weak so
that space-time is considered to be asymptotically flat. Thus, one assumes
a flat background space with Minkowski metric Ny = diag (1,~1,~1,-1) and

takes the perturbations hw on this space,

h (1.5)

pv BTy 0
to represent the gravitational field produced by the localized sources
within the tubes,

In the EIH method, matter i1s assumed to be composed of point
particlés vhich are represented by singularities of the field. In this
way, the choice of & special form for the matter tensor is avoided. TFrom
the structure of the field ovtside the tubes containing the singularities,

cne then tries to deduce the motion of the singularities producing the field.
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Now, the free field equations va = 0, which hold outside the tubes, can

be expressed equivalently as the vanishing of a two-dimensional surface

integral enclosing a singularity, that 13,25

f
J[tu“ - Uﬁ? oln s = 0, (1.6)

.where the Einstein pseudo-tensor tu“ and the antisymmetric supcrpotential

vg

UV are related to the Einstein tensor by 2v-g Gu" =t Y

o ]
g = det (guv)' With the use of approximation procedures, these integrals

6a,b

- Uu‘é’ ,0, with

can be shown to yleld explicit equations of motion.
In the method of Fock and Papapetrou, matter is assumed to be

continuously distributed within the tubes so that there are no singularities
in the fleld. Thus one deals with the combined gravitational and hydro-
dynamical problem of a finite number of extended bodies. The basis for this
approach is-Tvv; v = 0, which must be solved simultaneously with the

field equations (1.2) by means of a self-consistent approximation method.
The usual procedure is to perrofm a pover series expansion on guv and Tpv
and then solve the resulting linearized equations in stepwise fashion., A
' sort of compromise between this method and that of EIH has been developed
by Infeld and his cOdworkeraas-aa, who also represent the sources by point
singularities but introduce theae singularities into the matter tensor

by means of a modified Dirac 8~function, namely, § (x). A similar approach
has been used by Havaaag to solve the two-body problem,

It is also posaible to derive equations of motion for charged

particles in general relativity from the coupled Einstein-Maxwell
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field equaticns

" = k", Py = kg, Yy =0,

(1.7)
' = ' ),

1l uv_aB
e aB

vhere 'V 1s the electromagnetic stress-energy-momentum tensor, ™ is
the electromagnetic field tensor (*F"V being its dual), and J" 1s the charge-
current vector. The resulting equations of motion will then be the curved-

space generalization of the flet space Lorentz-Dirac equation30

me¥ = e«":\,F‘"J + 2 2("5'"+E°"E'a£"). (1.8)

w

where the first term on the right is the Lorentz force on the charge e
due to an incoming, external field Fuv, the second term is the Abraham
radiation reaction force, and a dot denotes differentiation with respect

to the proper time, In 1940 Infeld and WallaceBl

were able to derive (1.8)
from (1.7) by using an adaptation of the EIH method in which they neglected
non-linear terms in 6" anda gravitational-electromagnetic coupling terms
in E"Y and essumed that the electromagnetic field could be divided into an
incoming, external field and the field of the charge, with the latter being
taken to be a retarded fleld. Their method is thus unsat;sfactory because
it contains ambiguities in the identification of the fields and fails to
incorporate the full non-linear dynamlcs of the Einstein-Maxwell theory.
With this historical background to the problem of motion in general

relativity, we present our own &pproach to equations of motion,32 which

differs in several respects from the stendard spproaches described asbove.
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First, our epproach is based on an analysis of the structure of the light
- cone in the neighbbrhood of a particle, Secondly,.we use the Newman-
Penrose spin coefficient formulation of Einstein's field equations to
derive the equations of motion. And lastly, our approach provides an
intrinsic description of the motion of & particle in 'its own space-time,
with no reference to a regular backgfound space,
We adopt the point of view that matter is to be revresented by
suitgbly defined singularities in the fieid, the field being expressed
by the Weyl tensor (see Chapter 2.0). Thus we consider a timelike world
line, along which the field becomes singular, and attach a null coordinate
vsystem with an associated null tetrad to this singular line. A suitable
definition of the singulerity is then giveﬁ in terms of the properties of
‘the null "cones" emanating from the line. Applying Einstein's field
equations in spin coefficient formalism, we are able to obtain rigorous
equations of motion for the singularity in termé of the behavior of the
farily of null cones associated with the line. Furthermore, we obtain
the concomitant result that the point singularity has an internal structure,
with an equation governing the time development of this structure. The
other major result of this approach is the rigoroﬁs derivation of éqFations
of motion for chargéd particles from the Einstein-Maxwell theory, which
reduce in the line#r approximation to the Lorentz-Dir#c equetion,
In this wofk‘we have restficted ourselves;t; one-perticle s&stems
: of non-spinning, non-twisting singularities having no intrinsic dipole
moment. First, we preéent the general formalism in Chapter 2.0 with a

33

discussion of the Newman-Penrose formalism,”~ the differential operator

© ¥ (edth) and a relsted class of generalized spherical functionssh, a special
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35 32

null coordinate system,”” and the basic assumptions to be used. This

is followed by Chapter 3.0 where ve analyze and interpret the Robinson-

Trautman (RT) type II metrics36-39

and their charged counterparts, namely,

the Robinson-Trautman-Maxwell (RTM) mtrics.32 Here we show that these

two special classes of solutions lead to equations of motion for "free
singularities:" (1.e. singularities no£ i:;teracting with incoming fields),

with the une:ipected appearance of the Abraham redlation reaction term in

the charged c.:ase.32 In Chapter 4.0 ve then couple these RT—ty'pe‘

singule.ritiesl to incoming fields in a general empty space (RW = 0) and
hiscuss thé i'ésulting equations for the mot:loﬁ and structure of singularities.
In Chapter 50 we give the derivation of equations of motién in the Einstein—
Maxwell theory and show that in the linear spproximation these equations

reduce to the Lorentz-Dirac 'eque.t:lon. Finally, e sumnary of the work is

given in Chapter 6.0,
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2.0, GENERAL FORMALISM
2.1, The Spin Coefficient Formalism

We give here a summary of the Newman-Penrose (KP) spin coefficient
formulation of general relativity.33 Inteo & four-dimensional Riemannian
-space a set of four null vectors (2,", nu, mu, i'nu') is introduced such that
the real vectors, ¥ ana nu, together with n" and its complex conjugate

@ form a null tetrad system, with the orthonormality properties

Moag,

u -
¢n = -ni
W, ==d u W
24 = IR =mm =an = 0 (2.1)

u H u

-u = - 0
tum = lum = num num e

and the completeness relation

g +n mm -mn

The complex null vector n" can be defined from a palr of real, orthogonal,

spacelike unit vectors b" and ¢* by n* = ;—_(b"+ 1c%).,

Now, as mentioned in the Introduct:lz.on, the curvature of space-
time is represented by the Riemann tensor pr - which ia defined through
the Riced identity'

= L ¥
Av;[pc] AR oo (2.3)

for any vector Av’ with the brackets denoting antisymmetrization. This

tensor has the following algebraic s;numetries7

Ruvpo = Rruvilpe]™ Roopy * Bulvpe] ©©°

9
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10

and satisfies the so=-called Bianchi identities

Ruvlpasa] = O BERCRY

The Weyl (conformal curvature) tensor cuvpu’ vhich will be our basic

field variable, is defined as

1
+ = - .
Cuvpo = Ruvpu 2 (8upva 8uchp + 8vaRup

(2.5)
R

'gvauo) + 3'(3uagvp - gupgvc)’

% [+ ]

where Ruv = K Lav is the Riccl tensor and R = R a is the acalar curvature,
The lLatter two quantitiés. of course, are related to the matter tensor Tuo',

by means of the Einstein field equations given in the Introduction, namely,

1 -
w3 ER T -hwkTuv, (1.2)

R
The idee now is to rewrite the Riccl identity (applied to each of
the tetrad vectors) and the Bianchi identities as scalar equations by
taking appropriete linear sombinations of their scalar products with the
tetrad vectors. The reéﬁlting set of equations will be expressed in terms

of the five complex tetrad components of the Weyl tensor defined as

- U v,p o
wo = Cuvpc 2 mbz mn

= - TRV I
ul cuvpcz naLimnm ,

U _V,p G (2.6)
w2 = 'cuvpon nim,

Yy = ~C . @"n"2n°,

uvpo
—U _V=p G
*u = 'Cuvpom n m n .3
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11

the scalar curvature plus the tetrad components of the Ricci tensor

defined as
%0 = - 3 B 410 = = R R
A 2 Ry
boy = - & R 2m bop = = 3 R A,
. AR by = - -;-nwn“ﬁ" (2.7)
%10 = = %_anumv 35 = = %an“n"
1 = - %Buv("unv +n'E);

and the twelve spin coefficients defined as

K = R'u,v m”zy , v = _nu,vﬁun\: ,
o= B weem B
7= Eu;ﬁmuﬁv ) A= —nu;vﬁuﬁ“ , (2.8)
T= zu;vm“ﬁ" , T = -n ;vmnl\) ’
a= %-(lu;vnuﬁv - mu;vﬁuﬁv) ’
B = %-(Ru;vnumv - mu;vﬁ“m“) ,
y= =(s o"n¥ =@ #'Y) ,
2 gy upy™
€= %u(mu;vn"z” - mu;viuz“) .
We shall be interested here not only in the emply space equations, Ruv =0

(or R = don ™ 03 mn = 0,1,2) but also in the Einstein-Maxwell equations
given in the Introduction. The source~free Maxwell equations can be

rewritten in terms of the spin coefficients and the three complex tetrad
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components of the Maxwell tensor defined as
u_v
¢0 = Fuvz m o,
. 1 WV =PV '
b =3 Fuv(z n +mm), (2.9)

¢2 = Fuvm n

and the relation Guv = -hvkEuv can be expressed as -

¢ = k¢35 (mn=0,1,2), (2.10)

Before writing down the spin cée;ficient equations, we shall first
choose & suitable cooxdinate system, Sinée our approach to the prqbleﬁ
of motion will be based on the structure of the null cones emenating from
a singular world line in apaée-time, ﬁe introduce null coordinq.tes35
x° =u, x! =r, and xA(A = 2,3) such that v2 u is a "retarded time"
parameter labeling & family of outgoiﬁg null hypersurfaces, r/J5_' is
a standard affine parameter for each 6: the null geodesics lying on'the
null hypersurfaces u = const, and <P are "anguler" coordinates labeling
the null geodesics., In this null coordinate system we let ¥ be tangent
to the null geodesics as well as normel to the hypersurfaces (2" = dxu/dr,v
2“ = 3u/6xu),and parallellypropagaté'the rest of the tetrad system along

2¥. This leads to the following forﬁ for the tetrad vectors35

) H - ' A
R A A s R
. ' ' 2.11)
n* =‘62 + ch + xAsz s A=2,3
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and the following conditiona on the spin coefficients

[y

kememnm0, pmp, TEg+L . (2.12)

Using the completeness relation (2.2), we then obtain the following form

Por the contravariant metric tensor

—-

11 12 13}
i1 g B 3 E
, 12 .
g’V = ‘0 &g sAB (2,132)
0 813
- -

where
guo = 6‘;_ . 31‘1 e 2(U - uwd ),

e N T T I (2.13b)
g8 = (R 4 BB, a= 23

With this cholce of coordinates and tetrad, the two spin coefficients o
and o, which will play a significant role in our approach to equations of
motion, can be related to the divergence and complex ahear,33 respectively,

am

of the null geodés:lca, that 1s,

1l ,u
p = ~5050,
2 (2.14)

5= L MY _ Ligh, 92
co 5 [z(u;v)ﬁ 2(2 ,U) 1.
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1k

At this point the null hypersurfaces are still arbitrary, but later they
will be made definite by the imposition of certain conditions on p and
o. (See Section 2.4).

Defining the intrinsic derivatives D, &, §, and A acting on a

scalar ¢ by
pp = 430t = 2,
8 = ¢ u =ugte A
ox (2.15)
8 = ¢;uﬁ" =w §$-+ gh éih
9x
. 3
= gt ydt, 2, foiA .
X

we can now write down the NP spin coefficient equations for the Einstein-

Maxwell theory. ko

T. Metric Equations:

g = pgh 4 oFF (2.168)
Do = pw + ow-rT, (2.16b)
o = Ao+ TA (2.16¢)
, DU = 10+ Tw-(y+7%), (2.16a)
ot - st = et e TE, (2.17s)
B - Tt = (Badt e GemdER (2.17b)
o - S (B-a)u + (a-B)& + (u-u), (2.17¢)
U = fw = (pHy=y)o +3iw -9 . (2.174)
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II. Field Equati

ons:

Dp = p2 + 00 + kéod, »
Dc-2pq+¢0,
Da = gp + B3 + k¢ ¢, ,

DB = Bp + a0 + wl’

Dt =.1p + Ta + y) *+ K¢,

Dy = ‘ta + T8 + by + k¢131 ’

DA = Ap + U3 + kiydy »

Du = up + Ao + ¥, ,

Dy = T) + ?u + 4’3 + k¢2$lt

AA - Ju =

69-30-

S\ - Su =
v = Ay =
6y = AB =

St~ Ac =

2av + (Y=3y=u=p)r=y,, ,
™+ (5‘33)0 - ‘Pl + k¢0$1 ’
up = Ao = 208 + ad + BF = ¥, + k$, 4,

T

+

DuB + Ju + u° + AX + ko

Yu 0%

= ov + (u=y+¥)B + Xa + ké,3,

218 + (Y+u=3v)o + To + k¢, ,

bp - Tt = (y+y=ii)p = 207 = Ao =~ ¥, ,

Aa - 3y =

pv = T2 = A8+ ( Yey=il)a - yq

(2.182)
(2.18v)
(2.18¢)
(2.184d)
(2.18e)
(2.18¢)
(2.18g)
(2.18n)
(2.181)
(2,19a)

(2.19v)

"(2.19¢)

(2.194)
(2.19e)
(2,19¢)
(2.19¢)
(2.19n)

(2.191)
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III. Bianchi identities:

DYy = Sy = bovy = bayy + k(3,D4, = F,89,)

Dy, - By = 3py, - 2ad - Ay, + k(3,30 = F0e,)

+ 2k(30¢0Y = $l¢0a - $0¢1T + $l¢lp)!

le3 - 3"2 = 29]p3 - 2A1p1 + k($lD¢2 - $06¢2 )

+ 2k($o¢lu = $o0,8),

DY, - 8w3 = py), + 20y - 3y, + k(}1§¢2 - By00,)

Ay

Albl

Awe

Ay

Reproduced with permission of the copyright owner.
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+ 2k(36¢1v - 31¢lk - 30¢2v + 31¢2a)9

so, = (bpendyy = (bt és)wl + 3ou,

+(3,80, ~3,D4,) + 2k(§,4;0 - F9.8),
= (2y=2u); - 31, + vl + 200,
+k(3LA¢O - E2-6.¢0) + 2k($2¢0a * $l¢l‘r

=8 %Y = 85910)

Sby = 290y = 3up, - 2aps + oY),

3 - S, = 3w, - (2y+hﬁ)¢3 + (b1l

+k (b 8¢, - B,80,) + 2k($ 8,1+ B b,y

-31¢1\’ - ¢2¢2Q )

Further reproduction prohibited without permission.

16

(2.20e)

(2.20b)

(2.20¢)

(2.204)

(2.21a)

(2.21b)

(2.21c)

(2.214)
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IV, Maxwell's source-free equations:

D4, - 86, = 208, - 204y, (2.22e)
B¢y = 8¢, = (2y-u)e, ~ 214, + 09, (2.23a)

B9y - 80, = Vo, = 2up) + (eg-1)d, (2.23b)
To integrate these equations, the quantities wo and ¢O’ which

are respectively the gravitationel and eiectromagnetic null-deta for a
null hypersurface u = constho, are specified as arbitrary (analytic) functions
of r on an initial null hypersurface. The integration of the "radial"
equations (2.16), (2.18), (2.20), and (2.22) then yields the r dependence
of all the other variables, with "constants” of integration which are in

" general functions of the other three coordinates u, x2, x3. From the "non-
radial" equations (2,17) and (2.19), reletionships between these integration
"constants" are obtained., The remaining equations (2.21) and (2.23)
determine the propagation of the components of the Weyl and Maxwell tensors
off the initial null hypersurface. The analysis of the resulting expressions
can be greatly simplified by the introduction of a differential operator #&',
called "edth". It will therefore be useful to give a brief discussion of

this operator and the related class of generalized spherical functions called

spin-s spherical harmonics.3h
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2.2, 9 and Spin-s Spherical Harmoniecs

Consider a rotation of the spacelike vectors Re(m") and

Im(m") in their plane given by
]
ot = X , (x is real). (2.24)

We define a quantity n to be of spin weight s if it transforms under

(2.24) aa
. - isx
n'=¢€ n, (s = integral, in general) (2.25)
An example of such a quantity is A n®l,..n% where A

al-...as aloooas

is any covariant tensor of rank s, This concept of spin welght applies

to functions on any two-dimensional abstract surface having a

Riemannian structure, with Re(m") and Im(m") regarded as orthogonal tangent
vectors at each point of the surface, From the definitions (2.6) and

(2.9) we see that the tetrad components ;f the Weyl and Maxwell tensors have

the following spin weights:

8 ;quantity
+2 v
+1 V15 %
0 Vps &y (2.26)
-1 V3 58,
-2 W,
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Now let the two-dimensional surface have the line element

dg° = %é-dcdz , P=P(z,7), (2.27)

and choose Re(m"! and Im (m") to be tengential, respectively, to the
curves Im(z) = const and Re(z) = const. We define the operators, ¥

and ¥, acting on a quantity n of spin weight s by

- s
gn = 2p8 %-;-(P n) (2.28a)
and
By = opt*E g—g-(P-sn), - (2.28b)

The fundamental property of & is its invariance (with spin weight + 1)
with respect to coordinate transformations that preserve the metric (2.27).
Another important property is that of raising and lowering spin weights

by unity under the transformation (2.24), i.e.

(»E‘n)' ¥in' = ei(s+l'x3‘n , (2.29)

(3n) Fin'= (e, R

We also have the commutation relation

(3¢ - #®)n = 280K, (2.30)

where K = 8% log P is the Gaussian curvature of the 2-surface, The
operator ¥ is effectively a covariant differentiation operator on the

surface.,
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If the surface is taken to be the unit sphere (K = 1) with
polar coordinates (68,4), a natural choice for m" is to make Re (n") and
In (o*) tangential, respectively, to the curves ¢ = const end 0= const.

The operators ¥ and ¥ are then defined by

a3 i 98 v ~8
tn = -(sind)” ( 55+ —Im, 3% ) {(sin0)™"n},
_ (2.31)
% ne)t( 2. i 2 e ;.
¥n = « (gind)" ( 55 ~rT) 3¢){ (81n6)°n }
By using complex stereographic coordinates g, related to (8,6) by
r= el? cot -g- , (2.32)
we can put the metric of the sphere into the form (2.27) end define
¥ and ¥ as in (2.28), with
l - -
P= 3 (1+13). (2.33)

We now introduce a class of generalized spherical functions
through the action of ¥ and ¥ on ordinary spherical harmonics, Ym( 6,9),
(<2 «sms<2, 2=0,1,2, ...). The spin s spherical hermonics sng

(for integral s) are defined by

-
/(—‘;T;::_-g-i ey, (6,9) , O0ss 52,
s'am (6,0) = { (2.34)
Bl ()PF Py, (0,0), -8gs <O,
.
with ¥ =Y, . ﬁe «Yom (which are not defined for |s|>&) have the
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following properties:

g = P o (2.35a)

H Yy) = V(-s)(24s-1) Y, (2.350)
-3y, = Me-s)(evs-1) _ ¥, (2.35¢)
Fo( Y, ) = =(2-8)(R4s41) Y, . (2.35d)

The last equation shows that the sY are eigenfunctions of %% with

fm
eigenvalue -(2-8)(2+s+l). In addition, these spin-weighted functions

form a complete, orthonormal set of functions on the sphere for each s,

i.e,,

) I ¥, (8,8) Y, (87,4")= 6(¢-9") & (cos6-cose'), (2.36a)
|

j oYom Yo 98 = 8,008, (2.36p)

vhere dQ = sin6ded¢. Hence, if n(0,$) is a function which has spin
weight s and is suitably regular on the sphere, there exist constants

Nom such that n can be expressed as

n(8,8) = [ n Y, (8,0) . (2.37)
L,

Putting it another way, given any suitably regular n on the sphere, of

(integral) spin weight s>0, there exists £ of spin weight zero such that

n= ¢ (2.38)
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This result enables us to define the "electric' and "magnetie" parts

of n by
n, = Pre(g) , n, = & In(g) (2.39)

and write n as

n=n +on (2.40)

Due to the invariance properties of ¥, the splitting (2.40) is
invariant under rotetions of the sphere., For s < O the corresponding

results are obtained by replacing # by ¥ and s by =s in (2.38) and (2.39).

2.3. A Special Flat Space Null Coordinate System

In our point of view a particle is to be represented by & singular,
timelike world line in space-time. To see how this description can be
given a geometric invariance, it is essential for interpretive reasons
to consider first an alternative deseription of an erbitrary timelike

world line in flat space, which is based on the family of light cones
35

emanating from the line.
Let the parametric form of an arbitrary timelike world line in
Minkowski coordinates (y") be given by y" = £"(u) and consider the

transformation from yu to null coordinates x' = (u, r,x2,x3)vgiven by

¥ = g%(u) + rlu(u,xA) , A=2,3, (2.41)
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where xo = u is a measure of proper time on the world line and also labels
the light cones, xl = » is an affine parameter for each null geodesic

on the cones as well as a measure of radial distance for the sphefe at each
u = const, x2, x3 are "angular coordinates" which can be related to the

complex stereographisc coordinates c,E by ¢ = x2 + ix3

, and ¥ is a null
vector field which aweeps out the directions of the full cone at each

u as xA vary. Since A is null it must satisfy the conditions

H Ha H
[ =272 =278 = A
o=t =t =0, (2.42)

where a dot denotes 3/3u . In addition we require the velocity vector

Eu of the world line to satisfy the normalizations*

cu - cuo -
£ zu 1, ¢ su 2., (2.43)

To specify how null directions are to be propagated as u varies, ve

set

7 ¥ = b“(xA) . po = Po(u,x } R

ana then differentiate & with respect to u. This yields the propagation
law

¥ (2:45)

which simply expresses the parallel transfer of the direction of AR

* —
The 2 implies that u is v¢ /2 times the proper time, a cholce of
normalization adopted to make the line element agree with E,T, Newman
and R, Penrose, Proc. Roy. Soc (London) A305, 175 ‘1968).
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Note that from (2.43)-(2.45) we get
= u'
P,=b Eu (2.46a)
and

-152= - Mg = oM (2.L46b)

The metric terisor gu v in the new coordinates (xu) can now be

calculated from (2.41) and the transformation law

VAl Vi
guv 3xh 3xv  Naf
vhere n o is the usual Minkowski metric n , = dlag (1,-1,-1,-1), With

the help of (2.1&2)-_(2.1&6), we obtain

o]
= - 0
g, = Su s Bg 2(1 .I;_r)
[o)
Ba = U o By =TT By oo
where
o .
° o a b b
g™ 22 sy o ==2" ‘A a,B . (2,48e)
P 2
(e}

Since P and b" were defined in (2.4k4) only up to an arbitrary u-

independent factor, we can choose this factor such that

a $

P opby g = " __2._1;_ (2,49)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



25

It can easily be checked that a solution of this equation is

b? = "% (1428, 122, ©i, F2), £ = Ouxd (2.50)

Substituting (2.49) into (2.48a), we obtain

(2.48b)

The flat space line element in the xu—coordinates can now be written

as

. 2 hod
2 2 r_ dgdy
- r)du + 2dudr ~ =—
ds” = 2(2 = 2 p2 (2,51)
o .

Therefore, given the velocity éu and acceleration E“ of the world line,
one can construct uniquely from (2.46) and (2.50) the line element (2.51);
conversely, given the line element (2,51) or in particular Po(u,c,z),

one can determine all the properties of the world line. In the static
case when,the: world line is straights 'éu = 0 and éu = /2 6'; with

Po = % (l-HIE), and the 2-sug'faces, u and r constant, are ordinary spheres
with ;'/f2— measuring radiel distance. In the general case, on the other
hand, the axes of the sphere at each u = const, r = const are comoving
with the arbitrary timelike world line,

32

Several useful properties of fgwill now be derived. First,

P v
we choose the set of four linearly 1ndegendent vectors (£u,£u ;2.‘ A '
as a basis for Minkowski space such that any Minkowskian tensor can be

expressed in terms of these vectors. In particular we can write My
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. . [+]
- AB
Ny = B8, tEL, =200 42 zu’sz’B, (2.52a)
]
where gAB =% POZGAB. We also have the expression
B o 12 (iM_oMy . 2C Lu
L AR - 2 SAB(E =24 ) + PAB ) 0 (2-53)
OC 1 (<]
where I\, = =g (GAD st gBD A gAB,D)‘ Miltiplying (2 53) by
OAB )
g  we get
OAB R
g 2", p = (E¥-2e¥), (2.54a)

2 u
hp? 22 = p(g¥ - £ W) (2.555)
3Lz 2
Defining the spin-welght zero vector a! by
NN U 319! (2.56)

— *
we may rewrite (2.55b) in terms of %’o and -8‘0 as

£ 5 a" = -2a" (2.57)

%*
The subscript o in ¥ ,% means that these operators are to be

defined in terms of Po‘ For gpin—weight zero quantitites ¥, %‘oos‘ox

4 P2 3oy
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Cormparing this with the eigenvalue equation (2.354) for s = 0, we
see that a" is an 2 = 1 quantity. Moreover, e” is a unit, radial,

spacelike vector orthogonal to é"; i.e,
(2,58)

We shall call au an =1 projection operator because by taking the
scalar product of (2.57) with any vector attached to the world line we

can project that part of the vector which is orthogonal to the world

line into an =1 spherical harmonic, In particular, since

P
[o] - u.. - l un
" e = pate (2.59)
we f£ind from (2.57) that
2 0
%bﬁs 2= -2 Po (2.60)
o o
This result

= 1 spherical harmoniec,.

thus showing that ﬁolPo is an £
the Gaugssian curvature KS of the 2-surface

also follows from the fact that
unit sphere) is given by

[+
defined by g, (essentially the
(2.61)

- 2 -
where %666 =} Pﬁ 9 /9737 . By differentiating this equation with
(It is possible to construct out of a"

respect to u, we obtein (2.60).
b , but we shall be interested here

projection operators for any L-value

only in au.)
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In terms of a" the expression (2.52a) for nw can be rewritten

1. ¢ 1 - o -
n, =% £,6y - 88, =3 (aoa“aoav + "oafoap)’ (2.52b)

and when this is multiplied with E“E,v the following relation is obtained

s B0 - P, 52—[ , £2 kg (2,62)
Q T a rm = Fooe !

P 6 X 3

(¢} [

Applying a‘oé‘o to (f’o/Po)2 we then find, with the heiz of 72,60) and

CoLARY, dhat

_ PU - ‘:.'.;_'_ . r éf) 2 »2 - .
‘5‘“*3‘0 1;; T = D ! ;-: + | ) (2,63}

. By comparison of (2.63) with (2,35d) for s = 0, we therefore conclude
y j8 >

that '[(f’o/PQ)"f + £E2/6] is an %=2 spherical hermonic. Differentiating

(2.60) with respect to u, one can alsc prouve that

- | “o r2 i !ﬁo €’ PP
O N e A (2.6%)
L i) ! o T

whicn shovs that [PO/PO + £2/21 is an %= 1 spherical harmonic.
We will now show how alternative expressions tor equations of
o ton Ao Minkowski opuce can we given in terns of 'PO/PO. first we

w0l Feom *2,59) that the moximum value of Po/Po on the sphere at each
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u is proportional toc the magnitude of the acceleration, end the

direction ¢ max in which this maximum occurs is the direction of the -

acceleration, i.e.,

= ()

2 . oy o
= , 2=,

(2.65)

;ma.x = direction of Eu

This follows immediately from the fact that, since e" is a unit radial

vector normal to éu, f"O/Po hes its maximum vhen e” is in the direction

of E“

£ and i’olPo, writing this as

£¥ «—5 ‘o

P
T (2.66)
o

A similar statement can be made for that part of the derivative of the

acceleration which is normal to the velocity wector, namely

1

gu .

or in terms of aV

N I

(Eu +
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Therefore, we can give a unique statement of equiiralence between



30

Equations of motion in Minkowski space can now be expressed

in an alternative way by means of the equivalence statements (2.66)

and (2,67), e.g.,
(a) free-particle or geodesic motion:

Po

—_— =0

5 : (2.68a)

0

m' =0 e——> m

(b) motion with the Abraham radiation reaction force¥*:

2 me? =-§e2<"é“+5‘é-§2 ')« /Zmio= 2.2 Fo 52 (2.680)
P 3 i 2~ '
o o
(c¢) motion with a general force:
% m" =F > % ?_ = F(u,z,z), (2.68¢)
P
o
where F = L F'e is an 2 =1 spherical harmonic,.
/2 ¥

Actually, these equivalences apply es well to regular timelike
world lines in an arbitrary Riemannian space, where a similar coordinate
system can be co_nstructed at least locally. The equations of motion that
we shall derive later will be essentially the generalizations to curvéa
space of the right~hand sides of (2.68), and hence the above equivalences .

will be useful for the interpretation of our results,

*
The V2~ is due to the fact that our u is Y2/2 times the proper
time.
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An interesting by-product. of this alternative description of
acceleration is the possibility of measuring 130/Po (and hence the
acceleration of the world line) directly by means of Doppler shift

32 Consider a

observations of light emenating from the world line.
family of geodesic observers completely surrousiing the world line and
let theilr velocity field be vu(r,c,z), where 1 is the proper time along
an observer trajectory and (g,Z) gives the angular position of the‘

observer. The ratic of source frequency fs to observed freguency fo

is given by

2 oM
fé— f‘-§'= —dl= Euf' = l
fo du v lu v z“
H ]

Differentiating this with respeét to 1, we get

wvhere the last equality comes from the assumption that the observers

. , M
are all moving along geodesics {i.e., vu‘vvv = 0). Now, in tue X -
3
coordinates, zu = 6:; hence,
a5\ | [ o ompy. oo & &
2. ar fo du) uv ‘uv du  du
u v P
© & Puv,l du du Po 2P°2 du du
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Since drz/du measures angular velocity, it behaves as 1/r. Therefore, for

observers at infinity,

£ B
m E (-f-“-> = 2 (2.69)
o ol

2.4, Basic Assumptions

We now would like to see how the alternative description of a
timelike world line in flat space given in the previous section could be
generalized to a singular, timelike world line in an arbitrary Riemannian
space, Since the flat space description was based on the null cones issuing
from the line, the obvious thing to do is to make the arbitrary null hyper-
surfaces introduced in Section 2,1 behave like "cones" in the neighborhood
of the origin r = O,

In the null coordinate system and null tetrad system adopted in
Section 2,1, each of the null hypersurfaces, u = const, is generated by a
congruence of null gecdesics to which ¥ 18 tangent. Hence, the geometry
of each null hypersurface can be completely characterized by the spin
coefficients p and o, given in (2.1k4), which determine the properties of
the null geodesics., Now, in flat space light cones are characterized by
p = «l/r and 0 = 0, We are therefore led to impcse the following
restrictive condition on the null hypersurfaces,32 namely, that near
r=20

b +-F o),

(2.70)
e = 0fz).

%The order symbol used here is defined as follows: f(r,u,xA) = 0[g(r)]
implies |f£(r,u,x")|< g(r)F(u,x!) for some function F independent of r and
for all small r.
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This is the condition for the null hypersurfaces to behave like cones
in the neighborhcod of r = 0. Condition (2.70) also fixes the origin of
r. When (2.70) is satisfied and the Weyl tensor is singular atr = 0,
the singularity shall be called an elementary singglérig.
From condition (2.70)we cen show (without use of the field equations)
that the two-surfaces, u and r constant (i.e., the cross-section of the cones),

possess a metric given by

r2 o h o o o]
Byp = =5 Epp * o{r’) , Epp = gAB(u,x ) (2.71)

The proof (see Appendix A for details) consists in first noting that from
(2.13)

From this it can be shown that

I OA _ OA

g = +0(r) , & = & u,xB), (2.72)

and, by taking the inverse of gAB, the result (2.71) is obtained.

We define the fundamental 2-surface (F2S) metric by

o .
g,n = lim 8AB . (2.73)
AB 0 (-2 — )
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One can prove that if the line r = O is a regular, timelike (null,

spacelike) line, then the F2S has a positive (zero, negative) constant

Gausgian curvature,
The F25 can be represented most conveniently in conformally flat
The coordinate freedom to relabel the null geodesics

coordinates,
enéblea us to make the F2S metric conformally flat, i.e.

o OA=OB . =0A, OB .
gAB - ,(E E-+EET) - ‘P2 6AB \ (2.74)
2 .
by choosing
22 £%9 =p=-F (2.75)
Thus the F25 line element can be written as
af e g afax®= L ..
a = 8p X' = Todudt (2.76)

vhere [ = x + 1x”. The quantity P = P(u,z,z) will be our fundamental

varisble; as we shall see later, 1t carries all information concerning the

motion and internal structure of singularities.
With the restriction (2.70) which we have imposed on the family of

null hypersurfaces, the only coordinate freedom thet remains is the freedom
L2 :

of renaming the null surfaces, i,e,
u' = £(u) , rre I ' = glu,z) . (2.77)
£

Thus the F2S is defined up to an arbitrary factor £ . A conventional

choice of this factor is to make the surface area of the F2S constent, 1i.e.
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Here, however, we shall make a different choice of this factor,

We impose the important regularity reatriction that P = PoH’
where P_ is defined by (2.46a) and (2.50) and H is a regular function on
the sphere whose metric is Po. The arbitrary factor in the definition of
P can then be used to set the £ = 0 part of H equal to one and to
incorporate the 2 = 1 part into the definition of Po’ The latter can be
done because any variation in P° is such that GPO/PO is an £ = 1 harmonie,

This is seen by varying 6;3; log P° = 1, vhich yields

_ e 6®,
6;8; - =2 5
o o

Therefore, the regularity condition can be written as32

P = Po(l+I) (2.78)

where I 18 expandable in terms of £ > 2 spherical hermonies, This condition
simply states that the F2S is a deformed sphere, (The additional condition
I > =1 should probably be imposed also in order to keep the F25 & deformed

sphere). We shall interpret I as internal degrees of freedom for the

elementary singularities.
When the world line r = O has an elementary singularity, the field
equations yleld differential equations for éo/Po and I, which give, respectively,

the equations of motion and the time development of the internal structure.
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Finally, we should point out that the method of measuring 1’90/1’O

(and hence E"),, vhich was discussed at the end of Section 2.3, would
probsbly remain applicable to the case of a singular timelike world line
in a gepera.l curved space. However, it will no longer be 1.>°/Po but rather
P/P whicy will be measured, In addition, the frequency ratio 'fs/fo =
at/vY2  du will no lonéer be the ratio of two proper times but rather the
ratio of a proper time to our "retarded time" v2 u. Presumebly , u can
be regardéd as a physically significant perameter which plays the role of

the proper time at the singularity.
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3.0, MOTION OF FREE SINGULARITIES

We shall now show how the alternative description of motion
developed in Chapter II can be applied when there exists a singularity
in the field. In particular, we shall consider the special case when

condition (2.70) becomes

¢ =0 (3.1)

This condition leads uniquely to the two classes of algebralcally special
metrics which we shall analyze in Sections 3.1 and 3.2, namely, the
Robinson-Trautman type II (RT) solutions and their Einstein-Maxwell counter-
parts, the Robinson-Trautman-Maxwell (RTM) solutions. As we shall see, these
solutions are characterized by the vanishing of the quantities wo and ¢°
which represent incoming gravitational and electromagnetic flelds,
respectively. Hence the singularities in these solutions correspond to

free singularities, i.e., not interacting with incoming background fields.

3.1. Anslysis of the Robinson-Treutman Solutions

The RT solutions can be easily obtained in the NP formalism by teking
(3.1) and integrating the equations (2.16)-(2.21) for empty space (¢mn= R = 0),
The integration, which is carried out in Ref. 37, yields the following

results:

37
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A. Spin coefficients:

g=sT1T=A=k=1=¢ = 0
0
_ 2 _o_1%
P = =r ’ Y =y =3 CEE
r
0 0 0
a=9—- ]J=E—'— w2
r ? S or 7 ? (3.3)
-0 0
B=_'a—.’ V=\’O- w3
r 'r—"" s

where an O=superscript denotes r-independence.

B. Metric variables:

A -Q-’-l}i-r-’—)-,' P=Fp (3.4)
U = ®-2%-%
r

C. Tetrad components of the Weyl tensor:
‘1’0 = wl = 0 ]

by =
r (3.5)
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D. Relationships among "constants":

0 0 P
¢ = - 3’2—5‘103 P, y == %F s
v0=+-§"'-§ , UO-uO--K--G‘?logP
‘ . (3.6)
‘0 _ -0 0 0. a2 P
q,2=q,2 , wauxx, wh--e‘P
¢ 20 P .0 0
E. Components of the netric tensor:
o . AR 2P° y
g = s , giﬂ-——GAB s (A,B® 2,3)
1 N
4 o (3.7)
gu': —2(K—%r+ :"_2_) . :
r

Note that @' above is defined with respect to the F2S metzic P,

i.e,, for any spin-s function n we have

. %An

optS 'g'i (P5n) .

By imposing the regularity condition P = Po(l*I), we can express ¢ in terms
of the operator «a‘o, which is defined with respect tc the metric of the
sphere P. Th1s relationship is given by

n = (J.+I)8‘0n + end, T, (3.8a)
with

Fn = (I+IMEn - snd I
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Similerly, for & spin weight O function X we have

2
8x = Fox = (1+1) &Fx = ke P(1+1)% L2 (3.9)
33T

Thus the Gaussian curvature K = 33 log P of the F25 can be written as

=
[}

(1+1)° § 8108 {B(1+1))

and since ab%b log P 1, this becomes

0

)]
t

= (1+1)2 + (141 )aoérol - «3‘01-5*01 (3.10)

In all the work to follow we shall assume that all the tetrad varisbles
have well-defined spin weights and are regular functions on the sphere, i.e.,

they are expandable in spin-s spherical harmonics aY In addition to the

m°®
spin weights (2.26) for the tetrad components of the Weyl and Maxwell tensors

and the spin weight 0 for the functions of P, and I, we assign the spin

0
weight 1 to the quantity Z defined by

2 ..3 :
g = L 2D (3.12)

Going back to (3.6) we find from awg =0 (or.éowg = 0) that wg
is a pure & = O quantity (see 2.35b), i.e. wg = -M(u). As we shall see
later, M is related to the "mass". With this result, the RT line element

can be written as

. 2
as® = 2(K - -11-:- r - M-)duz + 2dudr - =, dzdt (3.12)
r 2p2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L1

and all the tetrad variables can be expressed in terms of Just the two

basic quantities M and P which satisfy the differential equation

M-3M<= &K (3.13)

djrd-

It is this equation which will give us the time dependence of the "mass",
the equations of motion, gnd the time development of the internal structure
for the singularity. In the generalizations to a general Ruv= 0 and to

the full Einstein-Maxwell theory, (3.13) will be modified by the addition of
extra terms representing the interactions of the singularity with background
fields.

If we now substitute P = Po(l+I) into (3.13), we obtain

P I 2 . =
M- BMFQ_-3MT_;T-- (1+1) TFK »
0

where K is given by (3.10)., Carrying out the differentiation of K, we

then get
: Pg I . N = o = -
M-3M20 - 3¢—= = (1+I)(¢.3.¢.9.1 + 28.5.I)
0°0°0°0 0°0
P, (1+1)
(3.14)
2,2 =2
- (1+1) 8, 181,

This equation can in principle (though not in practice due to its extreme
non-linearity) be expanded in spherical harmonics such that the & = 0

part gives the time dependence of M, the £ = 1 part gives the the equation
of motion in terms of the "acceleration" fO/PO of the form (2.68c), and the

£ > 2 parts give the time dependence of the internal degrees of freedom I.
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In the particular case when I = 0,’we find that M= 0 and 130/P0 =0,
This static

i.e., the singularity is unaccelerated with constant mass.

solution leads to the line element
2
(3.15)

+ 2 dudr - --r—-dcdz;

d52 =2(1 - M )du2
r 2
2P0

which is Just the Schwarzschild solution in null coordinates with M related
= =
0 = 2(1 +CC) .

to the Schwarzschild mass m by M= V2 k m and with P
So far no exact solution to (3,13) other than Schwarzschild has been

found which satisfies the regularity condition P = Po(l+I). Here we shall
go only as far as the linearization of (3.1%). Thus, teking 150/1’0 and I

to be small quantities in (3.14), we obtain
(3.16)

M- 370 - M= (89,8, + 20551
0

o

Because of the linearity of (3.16), we can (without loss of generality)

assume I to have a definite & value, i.e., ¥ &,I = -2(2+1)I. Eq. (3.16)

then becomes
(3.17)

- 3MI = e{e+1) [2(2+1) - 2]

=

!

2
oo™

By differentiating 8‘0-5"01 = «2(2+1)I with respect to u and neglecting

I(150/P0) as second order, we see that @O@Oi = -3(2#1)I. Hence, the

decomposition of (3.17) into different & values yields
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L = oO: M=0,ie. M=/2 km (3.18e)
P
L = 1: M_0= 0 (3.18b)
®o
L > 2: I=- %ﬁ L{e+1)[2(2+1) - 2]I,
Y _
or I=1Ipe u, (3.19)
where I, = Io(;,f) is the value of I at u = 0 and the time constant u,
is given by
2
g  ®  ———— [2(2+1) - 2]2(2+1) (3.20)

6v2 Gm

For the sun, with u measured in seconds :nd & = 2, u, is of the order of
10'"16 seconds.,

Therefore, to first order, M is conserved, thnere is no acceleration,
and the internal degrees of freedom decay to zero very rapidly. It seems
very likely that all solutions of (3.14) decay towards the Schwarzschild
solution, but we have no proof of this conjecture.

We conclude our analysis of the RT solutions with a discussion of
the concept of mass. There seems to be at least four candidates for the
title, 'mass,"sll involving M times scme function of u. In each case the
function is such that all the different "masses" reduce to the Schwarzschild
mass m in the static case:

If we let the area of the F2S be

A(u) = f _;i}_c_‘?_dﬁ_

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ly

then four possible definitions of mass are
(3.21a)

MA2

n, = -
O 16/7 kn®

£ )
4

whish appears to be a good candidate for the neutral inertial mass of

the singularity due to its appearance in the ponderomotive iaw (see

S=ction 3.2);
mg = M _ [ 20 +52) & 20x3 (%,21b}
Wk B
P P '

that mB < 03
3/¢
= 1A {3.,21c

m = ]
c /3 k(hn)3/?

(3
0 (wvaiid for the !

wnich satisfies the zonservation law m

—~
(V3]

and
MA
?

(4) m o=
¢ W2  km

the definition of charge (see Section 3.2).
o]

‘The proof of the conservatiorn law m

Differentiation of (3.2lc) yields
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whizh appears to be equivalent to thz Bondi mass ~ since it has the property
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whish actually has nothing to recommend it other than its analogy with
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From (3.13) we then find

1at/2

therefore m = 0.

To prove be < 0, weset P = !21- (l+‘;'i), where W is a positive quantity.
Ea. (3.13) can then be written as

M- = wdegD)? -2 L weg)° (3.23)
W 14
where V = az [2W + (l+cc)2 "EW ] and J = %—- [(1+r,c) . Dividing
(3.23) by W/2 and 1ntegrating over the F2S area we obtain
v, _axfaxs av dxtax>
; O e R L atol e o
(3.24)

2..3
P
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where the left-hand side can be rewritten as

4 [ MO+EE) 0.29,3 - g/5 gk IUp
du p3 au

Simplifying the right-hand side, (3.24) then becomes

2
8/F nk iy =8 | 3L ax’ax® - 8 3l afed .
W(1+z37)
The first integral on the right vanishes as in (3.22) while the second

integral is always positive because W is positive. Therefore, ﬁB is

always negative.

3.2, Analysis of the RTM Solutions

In this section we will present and analyze a class of solutions
of the Einstein-Maxwell equations which are characterized by the coincidence
of a principal null direction of the Maxwell field with a doubly degenerate
prineipal null direction of the Weyl tensor, these null directions being
hypersurface orthogonal. These solutions are the Einstein-Maxwell
counterperts of the RT solutions; hence the name, Robinson-Trautman-Maxwell
solutions.32

Adopting the conditions ¢ = -1/r and ¢ = 0, we immediately obtain
from {2.18a) and (2.18b) the results Yo = ¢ = O By the Goldberg-Sachs
Theorem33, ¢ =K = 0 also implies that wl = 0. Under these conditions the

integration of the Einstein-Mexwell equations (2.16)-(2.22) which we outline

here, is relatively easy.
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As a general procedure in integrating the NP equations, we start
with the radial equations (2.16), (2.18), (2.20), and (2.22), obtaining

at each step a "constant"

of integration independent of r which we denote
by a superscript 0. We then substitute the results into the non-radial
equations and, by comparing powers of r, obtain relationships among these
"constants". Thus, writing the equation number on the left for eésy

reference to Section 2.1., we have:

As in (2.75) we choose

22 398 . po 5
(2.18¢c) Da+rta =0 + a =a’r L,
(2.184) DB+rg =0 » g =0 L.
(2.18e) Drerit =0 » 1 =10,

Since T = o + B in our coorﬁinate systenm, 10 = Eo + BO. By meens of
the tetrad freedom called "null rota.tion",h2 we can set :° = 0 and hence

w = -8 ’ t=0
(2.16v) Du + r-l =0 + uw = wor—l
(2.19b) §0=0 + wp= 0 + =0
(2.18g) DA+rir=0 » 2= A%72
(2.19g) Je=0 » 2%=0
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(2.16¢) o = 0 » xax®
- 0 -
(2.22a) Dp, + 24 =0 > 4 = bor 2
0 242 0
(2.220) 6¢l = 0 2?_]_,. = ‘G‘¢l =
3

Applying ¥ to this result, we obtain 36‘4}2 = 0 which implies 6‘05‘0¢g N

From (2,35d) we then see that cb?_ is & pure 2 = O spherical harmonic, i.e.

e "constant" independent of 7,7 . Hence, we can write

2 E(u) .

(2.220) Doy * r'1¢2 =0 =+ ¢,= ¢g 1
(2.20b) Dy, + 37Ny, = -2ke 3t o

b= 40T 4 k]2
(2.260) R R A e D
(2.180) R A A L LR Ll
(2,17e) wen=0 + =70
(2.164) DU = =(y+y) -

U= - (y247%)r - wz - k[¢l|2 -2

(2.21) by, = -2kbb, 7+ Gy = 2keld,
(2.20¢) Dy + 20 4y = Ty, + K§,06,

¥s = 93 £+ 100 7
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(2.181)

(2.170)

(2.204)

(2.16e)

_ - 0,0
Dv = w3 + kb o, = va - wg . 2k$1¢2 r

st _ 8P = aEt - et > Q0= __.:.1';
. T

Dy, + r“lwh = (B+2a)y, + K3, (B+20)p, =

0 _-2

v, = ¢g rt s Ty v+ 2k$25bg r3

= \A
sx? -‘A€A = (ury-y)g~ -
. 0
0.0 0__31F X
U’ =y Y = - 27 T = 0

0

The last equation implies that X = (XO2 + iXO3) is analytic, i.e.

x0

C.

(2.19¢)

(2.194)

(2.174)

(2.19a)

(2.224)
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Xo(u,Z). Because of this we can use the coordinate freedom

glu,z) to makehe

X% = o,
Sa + 8a = pp +lhoo - vy * k¢l¢l +
0 _
b = ~ 8d9log P = =K

- 0 -
xﬂ = ‘1)3 - k¢2¢1 g ‘i’; = - \8.‘-‘0 = $K

[
i
<
¥
<
1
]
N
U
2
]
&I
rofrd -

U

Sv by, - 2av wg =-30=-%
boy + 2ppy = (8-2a)¢, -

:0 P O_ .0
by =25 ¢ = ¥,

k9

2



(2.21c) By, + 3up, = (6-2&)w3 + k 61(6-2&)¢2

. - o 0=0
Vo= 3F ¥y = - gt koo,
This completes the integration of the Einstein-Maxwell equations.
The remaining equations are found to contain only identities and
redundent information.

For convenience we now give & summary of the results.

A, Tetrad components of the Weyl tensor:

b =¥, =0 (3.25a)
¥, = wg 34 2k|¢2|2 = (3.250)
by = 45 0+ 3FY £ (3.25¢)
v, = wz L 3¢g 2 4 2k$§€¢; r3 (3.254)
B. Tetrad components of the Maxwell tensor:
¢, =0 (3.26a)
4, = 80 r° (3.26v)
4y = ¢2 rt (3.26c)
C. Spin coefficients:
g=t=A=k=¢g=7=0 (3.27a)
p=rt (3.27b)
a=a®r?t (3.27c)
g =-3 1t (3.274)
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(3.27e)

1 -2 2 -
R Db
|2 r3 (3.212) -

<
L]

w= rt oy x|¢]
vay o wg Rl 2k3§0; y2 (3.27¢)
(3.28a)

Metric variables:
(3.28b)

. D.
w=xt=0
(3.28¢c)

EA= ~(P,-iP )r-l
-2

U=1° - 2% -y r - k|¢‘1’|2 r

E. Relationships among the "constants":
(A -;.\'&105 P (3.29a)
(3.29b)

- -a—fﬂ
= ,—K = -ﬁ“'logP
(3.29¢)

'(3.29a)

(o]
a =

° o °

Hdjrd .

=¥

= E(u)
(3.29¢)

w3 .
- (3.30a)

Differential equations:
(3.30b)

F,
: [+]
= 2kE$2

(o]
",
E-2 %-E = 443
o] = O=<0
¥y = 98K + kepd,
(3.31e)

G. Components of the metric te
| AB _2p? 5B
(3.31p)

o) .

H =61-{ . g =° > \

11 P v2 T |E]
z2(Keor+—+%k )

& P r re

o B
¥ -35%
ngor:

g
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H. Line element:
/ o
* w 2
a2k Er+ 2+xdELY a2 auar - &, azar (3.32)
P r 2'2 2Pa

We again impose the regularity condition P = Po(l+I) on the

above results and try to obtain from them the equations of motion and
the time dependence of the internel degrees of freedom, First we note

that by integrating (3.30b) over the F2S we obtain

(

. - o L
axfax’ | o4 o [2) afad,
3T \P

(..
i (E -2 §-E) -—;5—-

The right-hand side vanishes as in (3.22) and the left-hand side

can be expressed as & u-derivative of E times the F2S area A, i.e.

: 2 3
& (R) = -g; JE d"ng =0 (3.33)

du

Therefore, since EA is conserved we can take the electric charge

e of the singularity es
(3.34)

e = -51]?' (E"'E')A

and the magnetic monopole moment q as
1 B-F N

Re(E) can thus be regarded as essentially a surface charge density

and Im(E), as the magnetic monopole per unit area. We had hoped

that the Einstein-Maxwell theory would yield the result g = 0, but
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our analysis has failed to show this. Nevertheless, we shall assume
that E is real or q = 0,

Now, éonsider the three differential eéuations (3.30), Irf
we let 6; = 3H, where H is a spin weight zero quantity, Eq. (3.30b)

becomes

3FH = -(E - 2 -g E) . (3.35)

Then by applying & to (3.30a) and using (3.30b) we obtain

s&p; = -2k E(E - 2 % E), ‘ (3.36)

which looks very similar to (3.35). Tﬁe procedure now is to try to
solve for H and'PZ as functions of P end I in_(3.35) end (3.36)

and then to substitute these into (3.30c) to determine P_ and I. As

we shall see, however, Equations (3.30) are quite complicated. The only
known exact solution is the Reissner-Nordstrom metric which can be
obtained explicitly by setting I =0, P_ = %‘ (1+12), K = 1, ¢Z =-v/2 knm,
¢§ = e, and ¢; = 0. Although in the general case of I # O there

seems to be little hope of solving (3.30) exactly, nevertheless we can
do it partially and obtain & startling result.

Rewriting (3.35) and (3.36) in terms of P, and I, we get

2 - ' [} i

(1+1) 805’0}{ = -E + 2E _Po +2E iy (3.37)
2 () ; . 2 1;o 2 i

(1+I) a’oﬁowa = ~2kEE + LYkE —Po + LkE I (3.38)
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Note that when I = 0 we can solve these two equations exactly,

obtaining
E =0 (3.392)
PO
H = -E 5 (3.39b)
o .
W2 = M(u) - 2k E° Zo (3.39¢)
2_ - - Po Ade (o]

This leads us to make the following ansatz for the solutions of

(3.37) and (3.38) with I # O:

P
H = -F P—°-,+ ET (3.408a)
° A
o - 2 P 2
v, = -M(u) -~ 2k E° 5= + 2k E°S, (3.40b)
[+

vhere E=T =8 = 0 when I = 0, that is, T and S contein the I-

dependent parts of H and w;. Putting (3.40e) and (3.40b) back into

(3.37) and (3.38) we obtain the following equations for T and S:

. é » o

2 . = 2 [e) I B
(141)° ¥ 5T = -2(21+1%) B teTs - § (3.41a)

2 = 2 I.,o i ﬁ
(1+I) afoa'os = =2(2I+I) F; tegy -3 (3.41Dp)

If we now substitute (3.40a) and (3.40b) into (3.30c), we get
(after some regrouping of terms)

: 2

g 2

2 \ P 1P 2 ,
homet (20 £) (¥ -4a)e-e[(2) 4 ] -5,
(3.k2)
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where £2 comes from (2.62) anng is given by

P Py 2 -2
_ 28 . 2o 2 2 o 3
g-zkES+2kS(2,EE-3E ——P) +kE(21+I)[(—-—P) *'6"]
[0} o]
I 2 %, 2 2
" al) . /n+-r x _;-"
+ 3 _1+I (M + 2kE -—Po 2kE S AL .L) [’o OK
2 = 1‘;o Po ==
+ kE© & ¥ 7 + 31 7" 7 T3 T)] (3.43)

WhenI=O,wehaveS=T=}:3=K-l=0, andhenceg=0° In
orinciple g’ can be decomposed as a sum of different spherical
harmonic terms 3’ o Such that the different L-terms in (3.42) cen

be separated out as follows

R

g = 0, M (3.4ka)

(o] (o]
(3.4kb)
L = 2, _9m2[(§ﬂ)2 + %2-] = 3'; (3.bke)
o
L 3z 3, o=31 (3.44a)

If we multiply (3.44b) by -Ae/thtrz end use the definitions of the
neutral mass m_and electric charge e given in (3.21a) and (3.3La),

we can express (3.44b) as

.\ P P "o
/2~ (m +-b— e2_&)_9___2_ e2(_g+ -E-—)=F (3.L5)
(o} 3/'2‘ A PO 3 PO 2 ’
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where F is given by
(3.46)

g

Foa
h8kw2

We see from (3.45) that the "inertial mass" m, of the singularity
. i

can be defined as
mg = m+mp (3.47
wherg .
b 2 A
EM 3/5 A

can be taken as its "electromagnetic mass".30 (Note: in the static
case, mp = 0.) Rewriting (3.45) in terms of this "inertiel mass"

ve get
.5 .o

sp+2.2( 0 €_>

=F+3Ze (P°+2 R (3.49)

"UIO’G .

/z m,

o

vhere the second term on the right is precisely the Abreham radiation
Thus, without the use of ad hoc models

reaction force [see (2.68b)].
or mass renormalization, we have been able to derive the Abraham

In Chapter 5.0 it will be

radiation reasction force rigorously.
shown that if incoming fields are allowed to interact with the charged

singularity the same result plus the Lorentz force can be obtained.
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From (3.4lc) we also get the following result: if I = 0,

then :Fé = 0 which implies that 13°/Po = 0; hence if there is
acceleration, then the internael degrees of freedom must be excited.

It appears as if not much more cen be done with the exact
So we consider now the linear approximetion in which

equations.
we take ﬁolPo and I to be small quantities and keep only first order

The linearization of (3.U4l) yields

terms.
a'oe'OT = 21, —a’oa'os =2I , E=0, (3.50)
while that of (3.42) gives
: P P p2 .
M- 32 + 2kE2 (=2 + £ )= 2kESS + i
P P 2
o (¢]
80300‘0601 + 26'09'01. (3.51)

If I is assumed to have a definite %-value, i.e. 8;561 = =LI where
L = 2(2+1), then I will also be a spherical harmonic with the same

2-value because of the linearization. So from (3.50) we obtein
(3.52)

Substituting this into (3.51) and breaking up the result into the

different £ terms, we find
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L =0, M=0 (3.53)
P2 ' .
2 =1, 22? (2 +5) -La0  (3.54)
o 0
2 *" L]
%> 2, -l% - 3MI - L(I-2)I = 0 (3.55)

The general solutions of (3.54) and (3.55) have exponential growth,
which means that the Reissner-Nordstrom solution is unstable (at
least initielly) to small perturbations I and to small accelerations.
'This unpleasant behavior could possibly be reversed or stabilized by the
non-linear terms in (3.41) and (3.42), but having no consistent
approximetion method so far, we can only hope that the non-linear terms
will actually have & stabilizing effect on the solutions.

For completeness we should also consider the gravitational
and electromagnetic radiation fields which are given by wﬁ and ¢;

respectively. If we lineerize the expressions for wi and ¢g, we obtein

L] é [ ]
o _ P 2 -] I ~ _F%
¥y = - ¥ 3= -8, (1+1)5 7 ) 1= -8 1 (3.56)
o0 = BH = (1+I)F (ET-E -P—o')= - £ 3 I - E¥ EQ (3.57)
2 o T P L o o P )

The last term in ¢gvis precisely the Lienard-Wiechert radiation field35;

the first term is what one would expect from an electric 29‘-pole field
(2 > 2). The result for ‘J‘E corresponds to radiation from e mass zz-pole.m‘
We are therefore led to interpret I as representing some type of

distribution from which both the gravitational and electric multipole

moments can be calculated.

’
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h.O‘ MOTION IN A GENERAL EMPTY SPACE

In this chapter we shall consider the generalization of the
Robinson-Trautman solutions to a general empty space Ruv = 0, in which
the elementary singularities are coupled to an incoming gravitational
background field represented by wo. We first integrate’ the vacuum
field equation under the condition (2.70) and then analyze the results

for the motion and structure of the singularities.

L.1 1Integration of the Empty Space Equations

Consider the two empty-space radial equations for p and o *

Dp = p2 + 00 , (2.18a)"
Do = 200 + ¥, » (2.18v)"'
and write condition (2.70) as
p=-r~l+g, g = 0(r), (Lk.1a)
O =h , h = 0(r). (4.1b)

To determine the general form that wo must have near r=0 in order to be
compatible with condition (4.1), let us substitute (L4.1b) into (2.18b).

This gives us

Dh + 2r-lh = 2hg + Yy = o(r?),

#The prime after the equation numbers given in 2.1 shail ‘indicate
the empty-space NP equations (¢mn = R = 0),

%9
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and integrating** this equation, we get
h = r-z'{h°(u,xA) + Jr2 [y, * 0(r2)] ar}, (4.2)

from which it follows that since h = 0(r), h® = 0 and v, = 0(1), i.e.
wo must be & regular function of r near the origin r =‘0. Thus
condition {2.70) excludes, for example, -5 and higher singularities
whose presence in wo, in linear theory, corresponds to the presence
of intrinsic quadrupole and higher multipole moments.

Let us now assume an explicit form for wo’ namely,
= 4° 1 2
v, =9+ uor + 0(x2), (4.3)
with the additionel condition
Dy =y + 0(r). (1)
o 0

Substituting (4.3) into (4.2) we get

n = r~2 Irz [0 + y'r + 0(x?)] ar,
(@] (o]
or
h= %- wgr + %-wir2 + 0(z3). (4.5)

Now, using (4.1a) and (4.1b) in (2.18a)' we find

Dg + 2r-lg = g2 + hh = 0(r2)

with the solution g = 0(r3). Again, let p = -r-l + g in (2.18a)'

0(r3), and use (4.5) to solve for g. This gives us

where this time g

#¥QOrder symbols can be integrated, but cannot be differentiated.
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Dg + 2r~lg = %’|¢ol2r2 + %-Re(wgwi)r3 + 0(r"),
with the solution
- r3 2 rt o,1l 5
g =13z [Vl + Jg Re(yy ) + 0(x®).  (h.6)

Therefore, with the form (4.3) of Y, given explicitly to o(r2), we

obtain from (4.5) and (4.6) the following expressions for p and o:

3 Wb -1
o = -r~1 + L= [U0]? + Sz Re(UF,) + 0(x%) (3.7)
o =340+ Ty + o). (4.8)

Note that it was the condition (2.70) on p and o which led us to
the result that wo must be regular around r = 0, In Appendix B we
show that it is also possible to go the other way, that is, obtain
(2.70) as a special case of the assumption Y, = 0(1).

To find the r-dependence of the other NP quantities, we shall
require the following lemma from the theory of ordinary differential

equations“S, which is given in NP (ref. 33):
Lemma.: Consider the differential equation
dy = (sl + B)y + b (4.9)

where 4 = d/ds, y is a column metrix with n rows, A 1is a complex
(nxn) matrix independent of s, dnd the complex (nxn) matrix B and the
column matrix b are given functions of s, If A has no eigenvalue with

a positive real part and if B and b have the asymptotic behavior
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B = 0(s=2), b = 0(s~2),

N ™
then all the solutions of (4.7) are bounded as s + =, i.e. y = 0(1).
_ If we now let r = s‘l, we can express D as D = ~523 and

write p and o from (4.7) and (4.8) as

©
I

1

- 1
LY,

v §=2 + 0(s™3) . (k.10)

Q
[}
Wi+

o
)
Making these substitutions in the radial equation (2.16a)' for gA, we

can rewrite this equation and its complex conjugate as

agh = [s1 + B(9)1e" - [ 540577 + 0(s™) 12"

aBh = [sm1 + O(sm)IEN - [ 27073 + O(s) 15"

(4.11)

By letting E;A = E*{&s, (4.11) can be expressed in metrix form as

A [aes)  B(em3)| | et
a - = . N A
ExA 0(s=3)  0(s=d) ¥

from which we see that the lemma applies with A = b = 0. Therefore,

it follows that £ = 8(1), i.e. £ = 8(s) or

#Here, f(s,u,xA) = 0(f(s)) means |f(s,u,xA) |<g(s)F(u,xA) for
some function F independent of s and for all large s.
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g = O(r‘l) (4.12)

_ With this information we mey now integrate (2.16a)' in steps to solve

for £A in terms of Yo Thus, using (4.12) in (2.16a)' we have

(2.168)" DgA = pEA * aEA - DEA + r-lgA = 0(1) =

e I ON (4.13)

where the "constant" of integration EOA shall be chosen as usual to be

£°2 = 1 £°3 = —P(u,5,%), P =P (h.1k)

OAr_ 1 A

By letting ﬁA = g + X, xA = 0(r), and putting this back into

(2.16a)' we obtain

A

Dx A

+ r-lx" = %‘W

D=2y
[8]

[o]
=3

Therefore, EA is given by

= e 4 E 0%+ L2 v 0(xd), (h15)

The lemma can be applied once more to determine the r-behavior
of w, o, B, T, and Y, near r = 0. Using (k.3), (4.4), and (4.10) in the
radial equations (2.16b)', (2.18c,d,e,)', and (2,20a)', these equations

for w, a, B, T, and'wl can be written in terms of s = 1/r as
(2.16b)! dw = [e=1+6(s=5)]w - [ %-wgs’3+0(s'“)]5 + 18=2  (L4.16a)

(2.18c)" da = [s=14+0(s=5)]a - [ %$29'3+6(9'4)]B (4.16b)
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(2.18a)' ag = [s~1+8(s=5)]8 - [ %wgs-%ﬁ(s-“)]a - wls-?- (4.16¢)
(2.18e)! dr = [s~140(5=5)]r - | %‘- gs‘3+6(s"“)]? - wls‘z (4.16a)

(2.20a)" ay, = [hs"l-l-ﬁ(s"“)]\ba + [hygs=2+0(s~3) Jo

+ 0(s~2)m + O(s"1) (4.16e)

If we let

w= a2, o=o%2, g=g*¥3, 1= 13, v, = w’l's3 (4.17)

then equations (4.16) and their complex conjugates can be expressed in

the form of (4.9) with

[ ] “-1000001000.T
o 0-L 000000100
¥ 0 0-1 0000 OO0 O
i 0 0 0-1L0O0O0OTOTO0OSO
8" 0 00 0~2 00 0-1 0

y= A=

" 0000000000
-
A 0000000O0GO0O

(4.18)

Since A has no eigenvalue with positive real part, it therefore

follows from the lemma that
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o, o, 8t et = 8(0)

or by (L.1T7)
w,a = 0(r=2)," B,T = 0(rf3), ¥1= 0(r=") (k.19)

Using this information to integrate (2.16b)', (2.18¢c,d,e)’,

and (2.20a)', we obtain
(2.20a)" Dy +br=ly; = 0(r=2) +y, = ¢?r-“+o(r-“), (k.20a)

where’w? is again. a "eonstant" of integration, which, in linear theory,
can be relsted to the intrinsic mass dipole moment and angular momen-

tum of the singuil.e.;r'i'ty.L"4 Here we shall adopt the assumption
=0, (k.21)

but it will be shown in Appendix C that this assumption is actually .
unnecessary. Integrating the other equations with the assumption (4.21),

we then have

(2.184d)' D8 + r=1g = 0(r~1) g = g%~1 4+ 0(1) (4.20b)
(2.18¢)! Da + r-la =-% B°$g+0(r) +a = orl+ %-8°E§r+0(r‘2) (k.20c)
(2.18e)" pr + r=lt = 6{r-1) »1= %1 + 0(1), (4.204)

. - o . : .
where ageain To = o® + B is made zero by means of the null rotatlons,“z

that is,

© =0, g°=-3° (4.22)
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(2.166)' Du + r~lw = 0(r~1) + w = %! + 0(1) (4.20e)

Before proceeding further, let us substitute these results into the

non-radial equation (2.17b)', namely,

wDE® + €%F,, - @pg® - B, + (w-B)et ¢ (B-DE =0 (2.17):

and set the coefficients of the various powers of :r equal to zero.

From the coefficient of r-3 we find that
and from the coefficient of r-2 we get

Q oP
G =-—m._
]4

. (4.24)

Note that from (L.14) and (4.2L4) the operator ¢ defined in Section

2.2 can be expressed as

+ 2s3°n), &n = —(EOAn,A - 2sa%n)  (4.25)

‘g‘n = _( EOAn ,A

for any spin-weight s quantity n.
If we now go back to the radial equations (2.16b)', (2.18c,d,e)’',
and (2.20a)' with the information given by (4.23) and (4.24), we can

integrate these equations further and obtain the final results

~ -%--?wér + 0(x2) (4,26a)

*Ifﬁ for example, we have the expression Ar~l! + Brlogr + Cr +

0(r4) = 0, where A,B,C are all independent of r, we get A = 0 by mul-
tiplying by r and taeking the limit r + 0. Similarly, multiplying by
(rlogr)-! and then teking the limit r— 0 give B = 0; eté. Thus
A,B,C = 0 separately. ’
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o= o%r - 2370 - 5 A%FLe2 + 0(r) (4.26b)
g =-arl+ (%-aowg - %'ng)r + (f%-aow; - i%-3¢é)r + 0(r3) (L.26c)
T =~ 5 8 - 1—15--5‘¢er + 0(x3) (4.264)
o= B0+ A Bt 0(xY) (1.26e)

Then with the help of (4.15) and (4.26d) we find from (2.16c)' that

= xR 3 (0 ¢ e - 55 (BB ¢ Ml)e? ¢ o)

(b.26%)

3
r

Let us next apply the lemma to determine the r-dependence of
X, W, and y,. In terms of s, the radial equations (2.18g,h) "' and

(2.20b)' can be written as

(2.18g)'  dx = [s7! + O(s-5)1a = [ %mgs-a + ()]
(2.18n)'  du = [s=! + O0(s=5)Ju - [ %wgs-:" + 0(s=*) 1 - w25'2
(2.20b)" dy, = [3s=1 + 6(3'5)]w2 + [¢2s‘2 +‘6(s‘3)JA + B(s=1)

By putting A = A*s, u = u*gz, Yo = wz*s3, the lemma can be applied to

these equations and their complex conjugates, with

A% | 0 0 o 0 o0 O]
-
by 6 6 0 0 0 O
u* -1 0 0 0 -1 0
Yy = _ A=
¥ 0 -1 0 0 0 -1 (4.27)
yo* 0 0 0 0 0 O
#*
iy o 0 0 0 0 o0
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Thus, A%, u*, y,* = 0(1), that is

A=0(rl), w=o0(x2), y =o0(r3) (4.28)

2

With this information we can again integrate (2.18g,h)' and (2.20b)'

and obtain

1 0=0

=%l - 24530+ (g TS - 59, T)r + 0(x?) (4.292)

- o .2 o -1 __11_._-20 1 —21___2.__ 0 ,012y..2
bor=2 s el + B+ (g5 ) - 55 halv,lPr

=
]

+ 0(r?) (%.290)
b, = 00 d 4 (@220 - MOY) + 5 (Bl + 2 43 [u2]2 - 50u))x
+ 0(r2) (4.29¢)
Then substituting these results into (2.18f)' we find that

. 1,02 o, 1 rz2.,0 0,0 0= O
Y = = 5 vpr2 4 y° o+ 55 (820 - My - 3 Im(aEy ) Ir

A orzo01 01,012 _ 49,1 _ & Oz 102 3
* 15 £ vl 2¢2|w°| S\ - 3 Im(o -a\po)r + 0(r3) (h4.294)
This in turn is used in (2.164)' %o obtain

__L (o] =0y .1 O_ Q -0 1 2.0 270
Us==-35 @, +9)r"" +U (v7 + ¥)r - o5 [32y ) + #20]

0,0 =0=0 1 s =1 0 , =0y1,0/2
- L) Yo - L q)o]rz - 355 [e‘%pé + e%o +2 (y, + ¢2)|¢°|
- 52%) - BX%FLIe? + o(z*) (k4.29¢)

If we now consider the non-radiel equation (2.19g)', we find from

the coefficient of r—2 that
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2% = o. (4.30)

Fina.lly; we consider the r-dependence of w3, \DL}, and v. If we

let ¥, = w";s"‘, the radial equation (2.20c)' can be written as

‘ayy = [-2871 + 0(s75) Iy} + B(s9),
which obviously satisfies the lemma. Therefore, d): = 6(1) or
by =00z . (1.31)
Putting this back into (2.20¢)', the integration yields
by = B e 4t - (e} e
- (o200 + 20+ - Blaud) + o(x) (k.328)

Then integrating (2.18i)' we obtain

V= - %‘- -B‘lpgr-z - wgr"l - %E‘;ﬁleogr +°
+ 3 (V5801 - Thevg - F30 - 30600)r + 0(x?)  (h.320)
The radial equation (2.20d)' can now be written as
ay, = [-3871 + 0(s=5) 1y, + 0(s72)
vhere ¥, = w:s“. Thus the lemma applies and we have ¢t='6(1) or

v, =0(x-*) . {L.33)

With this information we then obtain from (2.20d4)' the result
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. 1z0,0 -3 =2 Oy2707. _2: 1 ==0
by, = 5800 (B - (v )5 lr [ VOS]
+ %-wg(%%ﬁg —lvuoﬁg + 3wg$é)r‘1 logr + er‘l
+0(1) (4.32¢)

The remaining relationships among the "constants" of
integrations can now be found by substituting the results of the radial
integration into the non-radial equations and comparing coefficients of
equal powers of r. Indicating on the left-hand side the equation from

vhich the relationship was obtained, we have the following:

(o]

(2.16e)" W =y (L.34)
. 02 : 03
#2° = -:‘--'3& Wuo, 2°= Ik (L.3Ub)
Y°=_%§+%if_xm£f) (4.3k4c)
(2.17e)" va =T o (h.3ba)
W= i (k.3ke)
(2.174)" By = 0 (L4.3kf)
v =~ gu° (k.3kg)
Vo= - B+ y0) - T (4.34n)
0 _ 0 _ 1 070070 0=y .
(2.19a)" v, = -8 + 9 (807D - 30,90) (h.341)
(2.19¢)! uo = - #¥1logP = =K (4.343)
(2.218)'  Foy] = -3v,0] (1. 3kk)
(2.21c)" Uy o+ 30¢° + ¥ = -eyg (L.3b8)
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The other equations not indicated here yield results similar to (L.3k4)
or lead to identities. | |

We now give a summary of the final results together with
the metric obtained through (2.13).

A. Tetrad components of the Weyl tensor:

b = Vg *+ ulr + 0(x2) (k.352)
v, = - %,-apg - %—i‘wé + 0(z?) | (4.35b)
by = UgrT3 4 o B0 4 oo (8291 + 2090Pr + 0(x2) - (k.35¢)
by = Vg2 - Ul < (G T 4 = v R0L) 4 o(r)  (.350)
b, = [8yg - (¥5)251r=2 + yor=1 + 0(1) (k.35e)

B. Spin coefficients:

1, L
o= b a5 W21% + 5 Re(v3TO)E + 0(x”) (4.362)
o = % Wr + ¢ Wlr2 + o(r?) (4.36b)
o = ot - 2890 - 3% + o(x?) (4.36¢)
= 5%-1 4 (1 ,0° - Lm0 L O - L Fl)el 3
B =-aTr™l + (Faty, - FHIr + (35 a7y, - 55 B )™ 0(z%)
(4.364a)
= -5 - %w;rz + 0(r3) (4.36e)
- 1 o=-0 1l o-0 1 o— /
A== St (Tl - F Pl + 0(r?) (L.361)
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po= - q,:r'z + %1+ —-,;ezw r+ (g— B2y - '9—' vy lvol2)z?
+ 0(r3)
y = - % q;gr‘Z +v° + [1% %‘ng - % 1m<a°€*w§)]r

-+

1 o= 2 4
o5 5201 + 55 90|12 - 35 In(a®BYl)Ir™ o(x3)

(o}

V= e w(;r-l + v+ "22'[; (lbg'gmé - ‘-3-‘31112 - 3u0'3'$g)r + 0(1‘2)

Metric variables
=L m0.2 . L m1.3 4
w = gp B et + g e + 0lr)

U= - 0L+ 00 - (v # ) - g5 Re(8250)r?
2

- %5 Re(823L + 209]4212)r3 + o(x¥)

£Ohr-1 +'3 ¢°g°Ar + == w TOA02 4+ o(43)

Y
LY

"

% - § Re(£%4T0)r - %— Re(@*471)r2 + 0(r?)

Contravariant components of the metric tensor:

00 oA (o}
g =g =0, gl!=1

11 - -e[wzr-l + K + (yo + 7)r + %E-Re(@zﬁg)rz +

'élT Re(#2yl + 2wg|wg|2)r3 + 0(r*)]

gl2 =32+ %Re('é‘w Jr + — Re(Fy! ) 2 + 0(r3d)

10
13 - v°3 4 + E OV o 4 £ Fo 1Y 2 3
gl3=x"3+1 3 Im(-a'\po)r i 10 Im(%‘tbo)r + 0(r3)
2 2
22 = 2,-2 _ B2 0. 30y _ B2 1, 71 2
g% = -2P%r 3 (v + b)) -7 (v + wo)r+0(r )

(4.36h)

(L.361)

(4.37a)

(4.37p)

(4.37¢c)

(4.374)

(4.38a)

(4.38b)

(4.38c)

(4.384)

(4.38e)
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2 - 2 -
g?3 = - iv%— (wg - q)g) -1 %— (\Jlé - wé)r + 0(r2)

p? -0 p2

33 = _op2p=24 = o
g QP =i+ 3 (wo + ¢°

Line element:

. °
as? =2[x - (E-F 8° -+ L] a

2 -
+2dudr . - 5%2'. dza? + 0(r2?)

Reletionships among the "constants":

0 (0] o
o 1='0

502 = iEOS ='P(U,C,Z), P= P
o =-L-_ 1 Fogp, 8°=3°

o__L o0 o 1 (402, x93 = X
BZ = - 3, ZF (X2 + 4X7%) = 3
=-2 £ p 80 - m(a®2°)

W= F(° + ) - Ll ’110'9'50

o Y 6 *27 "0
Foy> = -3uu)
w0=_5‘UO=—K
3
W0 = B+ 3 y2(FT0 - 170

)+ (Yo + Yl)r + 0(x2)

73
(4.38f).

(4.38g)

(4.39)

(4.Loa)

(b.hob)
(b.koc)
(h.uoc_i)
(4.koe)
(4.hor)
(4.4og)
(Lk.ken)
(4.Lo1)
(4.b03)

(4.kok)
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§0 +36° + P05 = -evg (k4.108)

4.2 Analysis of the Empty~-Space Solutions

The results of Seetion 4.1 will again be analyzed with the
use of the regularity condition P = Po(l-i-I) and of the properties of
edth. In particular, Eq. (4.402) will once more be shown to yield
the equations of motion of the singularity and the time dependence
of its internal degrees of freedom.

First, we note that (4.LOk) implies that »:«row‘; = 0, which in

turn implies that w: is an & = 0 spherical harmonic, i.e

b, = - M(u) . (h.41)

Now, since 2° and wg are respectively s = 1 and s = 2 quantities, we

can write

z° = &v, wg = #2R , (4.k2)

1]

where V and R are both s = 0 quantities. Substituting (4.42) into

(k.40e), we get
#2(V - $1R) = 0 (3.43)
with the solution

V=%MR+W, (4.4%)

where w is an s = 0 quantity satisfying the equation

W2y = 0 (b.b5)
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If we let ¥w = £/P, we can express (4.L45) as 3f/8z = O, which shows

that f and hence W can be transformed away by means. of the
coordinate freedom ;' = g(u,;)ahe Therefore, we have

V=%MR = (4.146)

With the help of (hL.41), (4.40f), (4.4%0i), and (4.46), we can
now write (4.40R) as

-3 [E-3 o8z - B)] = 08k (4.47)
or

M- 3M

o |ro-

= 9% [K - M(R + R)] (4.48)

Using the regularity condition P = Po(l+I) and the expression (3.10)
for K, (4.48) becomes

P I = _
- =0 . —— = 2 2
M - 3M Po 3M T4T (1+41) aoeb[(1+1) + (1+I)30651

- a51-551 - M2(R + R)] (k.k9)

Then, carrying out the differentiation of the terms inside the bracket,
we obtain

N é i —-— — -
- =0 _ —— =
M - 3M B, EU (141) (8386%6651 + 2@5@51)

2027732 2 200 R
- (1+1) BLI-8L - M (1+1) 8665(3 + R)
(4.50)

In principle, this equation can be decomposed into different spherical

harmonics such that the & = @ part gives the time dependence of M, the
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2 = 1 part gives the equation for 1"0/1’0. i.e. the equation of motion,
and the £ > 2 parts give the time development of the internal degrees
of freedom, Due to its extreme non-linearity, however, wa are again
forced to consider only the linearized version of (4,50). Under the
assumption that 1"0/1’0, I, and R are small quantities, the lineariza~-
tion of (4.,50) yields

M- gg - M = T HT,L + 28,8,1 = N T, (R + B) (4.51)

Note that since \p: is expandable in spine2 spherical harmonics start-
ing with £ = 2, R must be expandable in £ > 2 spherical harmonics in
order to be uniquely defined by g = 32R = ¥2R, If we now let

I= ] Ipand R = ) Ry, then (4,51) decomposes into
Lw2 '

p=2
2=0 M=o (4.52)
=1 M é: -0 | (4453)
£22 I+ 'ili LU = 2T, =B 2Ry +R) 54

From (4,52) and (4.53) we see that M 1g constant (L.e. M = /2 km)
“and the acceleration f’o/Po is zero, while from (4.54) we obtain the

general solution

3
Ip=e Up {10 - Ll'.“_g.sﬂ f‘(R2+§g)eu° du}, (4,55)
where I% - I%(t;,?) 18 a "constant" of integration and u, is given by

(1) [2(+1) = 2] (4,56)

lH

% "3

)

km
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Thus, in the linear approximation, the particle moves with constant
mass and zero acceleration and with its internal degrees of freedom
being driven by the incoming gravitational field wg-or R. In general,
when the non-linear terms in (4.50) are taken into account, the time
development of I will be governed by R, but M and 150/PO can no
longer be expected to remain zero.

We now consider how the incoming field wg and the rediation
field wi are affected by the motion and structure of the singularity.
With the help of the commutation relation (8% - #¥)n = 2sKn, we can

write (4.L0k) in terms of R as
F33R = #284R + 6K¥2R = 3M¢é (L4.57)

which shows how the incoming field is affected by the presence of the

singularity. Linearizing this and letting wé = &23, we obtain

#2(¢ R + 6R - 3MS) = 0 (4.58)

Next, from (4.40j) we have

00 = LB + 7°) - Fuge] + $u2(5970 - WD)
- P 1l = = 1 == -
= §2 [- 7t -)_;'(e'zo +8Z°) ] + 3 lbg (4% - 6Kg )

where use was made of (L4.4Of,g) and the commutation relation for &
and @&. With the help of (4.40n), (4.L1), (4.42), and (L4.L46) we can

express w: further as

(o]} =2 M - - - é - __i__ =0 - —l
v, =% [ 3 (R + ) §§ 7o 1 M(eKp) - MP)). (%.59)
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In the linear approximation this becomes
WxF2[oME + T & 5 (R + K) - M2§ - I]
4™ 0 3 oo ®

or, with the help of (L.58),

e'g[% -a‘R-I] . (4.60)

The second term in (4.60) represents radiation from a 2z-pole sourcehh
while the first term represents the contribution of the incoming field
R.

In the test-psrticle limit m -+ 0, we of course obtain from
(4.52), (4.53), and (4.55) the usuel results P /P = 0 and I = 0, i.e.
the test-particle moves along a straight world line or geodesic in the
reéular background.space. However, if we constrein I to be zero
before going to the test-particle limit, we get a very interesting
result: the world line is not only a geodesic but also part of a
rigid geodesic congruence. To show this, let us put I = 0 in (4.50)

and decompose the resulting equation into spherical harmonics. Then

we get

2=0 M=0 or M = const (L.61)

L =1 M -o =0 or %9 =0 (4.62)
0 . o

2z 2 M2(R+R) = O or R+R=0 (4.63)

In the limit M + 0, (L4.62) implies that the world line is a geodesic,

while (4.63) imples that R is pure imaginary, i.e.
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R=iX R (k.6L)

where ¥ is real. It follows from this that

wg = ig2x (4.65)

which shows, by comparison with (2.39) and (2.40), that wg is pure
magnetic. As we shall nov show, the vanishing of the electric part of
wg implies that neighboring geodesics have zero relative acceleration
with respect to the world line r = 0.

Given s timelike geodesic congruence, the relative acceleration

between any two neighboring geodesies, Lo and L s expressed by the

1° i

equation of geodesic deviation

2,4
%1?3 = gHVPO £t (4.66)

where t" is the tangent vector to the congruence of timelike geodesics
parametrized by the proper time u (tutu = 1), n" is a vector ortho-

gonal to t¥ which connects points of equal u wvalue on Lo and Ll’
vpo
RF e is the Riemann tensor, and D denotes absolute differentiation

along Lo' The tangent vector ¥ may be written in terms of the null

tetrad vectors (2", n*, m", %) as

L (¥ + ")

/2

t¥ = , (4.67)

Ruvpc may be replaced by the Weyl tensor cHVPI,

and in empty space
Hence, the equation for geodesic deviation can be rewritten in empty

space as
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(1.68)

E +~
mls—'

where.

MO _ _Wvpo : -

0" = Ms 40 Mo +n) . (4.69)
Note that the symmetry properties of c¥V °°. namely,

| . |
Cuvpe ™ C[uwllpol ™ Couv * Culvoa] ® O Cyge = 0 s  (4:T0)

imply that C’_‘w is symmetric and trace-free, i.e.

- 1 =

Moreover, from the deﬁnition C = 2C \mev 6 and the antisymmetry of

uan over the pairs of indices [ua] and (Bv], 1t follows that

i
Cu \)t - C"l vt =.0, vhich means that Cl‘l v hes no time-like part. With
these properties, C]’l , 18 found to have only five real independent
cqmponents. We ‘choose these components to be the two complex scalers,

01 and 02. and the real scalar, na. defined by

_ uv PP TR n SHY .

‘Remembering the definitions (2.6 ) and (L4.69), we can express (L.72)
as

“1- -(Wo + 5“). nz - ‘J’l - ;3’ as . ’2 + ;2 (h-73)

Now, let I = 0 and M + 0 so that the world line r: = 0 Decomes

a timelike geodesic, which we identify with Lo, and wg beccmes pure
nagnetic, ¥ = 19%C. Going back to (4.58) ve find that in the limit
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M~0,

gEX=-6x » (L.7h)

which shows that X is an % = 2 spherical harmonic. Then substitut-
ing wg = i@gx into (L4.35a)-(L4.35e) we obtain the following values

for the y's on the worldline r = 0.

v, = ‘Pg = ;32)( = ng (4.75a)
b= =10 = - B = 16 x (4.75b)
v = i%e‘glpg = li—z‘gagx = 2ix (4.75¢)
b, =g 8300 g Bl =18 ¥ (k.758)
b, = 21—1;52\"2 =2% 348 = 8%, (b.T5e)

where we made use of (4.74) end the commutation relation (5535- ﬂoib)n
= 2sn. (Note that ¥, was given only to 0(1) in (L4.35e). By adding

s = 4° 1 2..2 3 : _
another term to wo, i.e. wo wo + wor + wor + 0o(r ), we can inte
grate the radial equations further and evaluate the 0(1l) in 'pu
explicitly. Whem I = M = 0, this O(1) term in ¥), is Just the expres-

sion given in (4.75e).) ’

Substituting (4.75) back into (L4.73), we find that

Wy T Ny Ty (4.76)
which means that Cuv =0, i.e.
2 H
Yo -0 . (4.77)
Du
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Therefore, the vanishing of the electric part of wz (under the con-
straint I = 0 and in the test-particle limit M + 0) implies that
neighboring geodesics have zero geodesic deviation from the geodesic
r = 0.

As a final remark, we point out that the quantity n,» which

was defined in Section 3.1 as

3/2
M A
= —— (4.78)
mc 7k (h_n)

remeins conserved in the presence of the incoming gravitation field
\bg or R. This can be proven easily by differentiating m, with respect

to u and using (4.48). Thus,

. al/2 § . P, ax%ax’
- M- 3M5) ——
e /2 k(kn)3/2 Fop2
yp1/2 § 2 [k - w2(R-+ B)lax2a3 = 0
V2 k (h'n)s/z zdL
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5.0, MOTION IN THE EINSTEIN-MAXWELL THEORY

We now apply our analysis of motion to the Einstein-Maxwell
theory in which the elementary singularity interacts with both incoming
gravitational and electromagnetic fields. The Einstein-Maxwell equations

are integrated first under the conditions, p = +*

+ 0(r) and o = 0(r),
end the solutions are then analyzed with the use of the regularity
condition P = P°(1+I). The analysis here will be seen to be much more
complicated than in the previous cases, but nevertheless it will be

shown that by means of & linear approximetion the Lorentz-Dirac equation

of motion can be obtained.

5.1, Integration of the Einstein-Maxwell Equations

As in Chapter 4.0,we first consider the radial equations

2 - -
Dp = p° + ago + k¢o¢o . (2.18a)

Do 200 + ¥ (2,18p)

and write condition (2.70) as

o(r) (5.1a)

©
[
{
L}
<+
(1]
-
®
il

Q
[}
o
=2
1]

o(r) (5.1b)

Substituting (5.1) into (2.18a) and (2.18b) and solving for g and h,

we obtain

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



g = r2 () + J rPlxs 3, + 0GDlar)  (5.2a)

=
]

2 1%(u,x) + J rzwo + 0(r%))ar} (5.2b)

But since g,h = O(r), it follows from (5.2) that g° = h° = 0 and
Yoo b = 0(1) (see alsc Appendix B). We shall adopt the assumption that

¥, end ¢ have the following explicit form to o(x3):

L 'P""JJ r+wr+0(r) (5.3)

¢, = ¢+¢ r+¢r+0(r) (5.%)

With this assumption, (2.18a) and (2.18b) can then be integrated to

yield the following expressions for o and o:

-1l .k 2 k
p=-r = + §|¢g|

r+y (¢g3 R 1)
1 2 2 i -2 <0 2 1,2, 3
+ 4z 21" + x5[02" + ok 3] + gkdoec + 9k|¢g|7)r

+ 0l (5.5)

_1l o 1.1 2, 1,2, 2 01,012y.3 L
o=Fdor g r + 3 () +g5Ru el +0ix) (5.6)

To find the r-dependence of the other variables we again make use

of the lemma given in Chapter 4.0,together with (5.5) end (5.6).

The procedure, as in Chapter 4,0,is to let s = r—l and express certain
groups of the radial equation in the form of the matrix equation (4.9)

of the lemma.
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Thus, writing (5.5) and (5.6) as

p=-s+0(s) (5.72)
=1
g = O(S ), (50%)
. A A
we can express the radial equation (2.16a) for £ and £ as
*p | *
g h - gt
d = [ 0(s™") 4 (5.8)
=¥ *
A Eh
¥\ _ A -1 - .
where £ "= £s ~ and d = d/ds. The lemma applies tc (5.8) with
* ~
A=D1 =0, and so we have EA=0(1) or
e = o) (5.9)

Next, consider the group of radial equations (2.16b), (2.18¢, 4,e),

(2.20a), and (2.22a). The lemma again applies to these equations, with

y and A given.by
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o -1 00 00O02100U0T0UO
y 0-1 0 00 001G O0O0O
ot 0 0-1 00000 0O O
o 0 00<1L0O0OOUO0OO0O0CO
g 0 00 0-2000-10200
y=|% A= 0 00 0 0-2000-1200
o 0 0000 0-20<1000
T 0 0000 0 0-20-1L 00
w: 0 000 O0OOOGOOOO
m: 000O09OO0OO0O0O0O0O
¢: © 0000 0O0O0OGO0O0O0.0
3: 0000000O0DO0O0OO0O
vhere m* = ws'z, a = us"z, 6* = 85'3, r*= T 3'3, ‘J’j_ = tpls'h, and
¢; = ¢ls'2. Hence, we see that
woydy = 00r2) =0l g = oG (5.11)
By using (5.9) and (5.11) in (2.16c), we then obtain
= o) (5.12)

The r-dependence of U, Y, A, i, ¥ 23 and ¢2 can be obtained next by

applying the lemma to the radial equations (2.16d), (2.18f,g,h),

* 5 # 6 * 5
(2.20b), and (2.22b), Ifwelet U=Us’, y=Yys5 , A =21 s8",

* 6 * 7 * 5 .
u=us, wa = wes , and ¢2 = ¢25 , these radial equations can be
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expressed in the form of (4.9) of the lemma, with y and A given

by
u*T -5 01100000O0O0O0O0
g 0-5 1100 000DO0O0TO0
y* 0 0-6 0 000 0-1L 00O
7 0 00-6 0000 O0<=1L 00
A 0 00 0= 00 O0O0TO0O0O
X 0 000 O<4 0O0OOTO OO
y= u A= 0 0000 O0-50-10 0 0](513)

P 0 00000 O 0-L 0 0
w: 0 00 00O OO O<s 00O
}E: 0 000O0O0OT OGO O-s 00
¢: 0 000O0OGOOO0O-4o0
) 0O 00000GCOG GO 0-k

L C L .

T T T T S T
Therefore, U , ¥ A , b, ¥, ,¢2=O(l) or

Uy Ay 0y = 00r™0)  yu= 00 gy =0T (5.20)
10
Setting V3 = ¥p8" we can write (2.20c) as
avg= [-8570 + 0(s7)1¥], + 0(s7F) (5.15)
L A
vhich shows that Y, = 0(1) or
by = 0z™0) . (5.16)
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Then, from (2.18i) we find that
v = oz ) (5.17)

*
Finelly, if ve let ) = whsl3 we can write (2.20d) as

dq;: = [-10s7 + 6(5"3)]4{ + 0(s™2) (5.18)

, . -
from which we see that y) = 0(1) or

3

-13y (5.19)

Wh = 0(r
As in Chapter 4.0, we agein put back the information obtained
above into the radial equations and integrate them with the assumption
%hat wg = 0. Then, by substituting the radial expressions into the
éon—radial equations and equating coefficients of equal powers of r,
we obtain the relationships between the "constants" of integration.

The following is a summary of the final results, with & = ‘log r.

A, Tetrad components of the Weyl tensor:

by =Yg * U 4 ugr" w0l (5.208)
_ 020 ,0 1 0=0 ,0 2-0 =0
V= kg doo B+ floky g e+ 2keT - B ]
+ 0(r%) (5.200)
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—h - - 11 2 2 -
by = 2k[691%™ w02 ™3+ k(3080 - 3 k621 67) 17
0/, =0,012_2 k —=0,05, 0 0/, =0,0,2
+(kBoe) B+ [ F o008 - v (kEh])
2,2=C(-,012 2 k ' 2 2 .1 - 2
-SRI+ [z FG + Tp G101 + 5 006D

2 2 —0 21,012 11,2 022,012 -
£ 210217050 + T xP32021631% - 35 6° 02816517 - § 33842

+3 1
k 0.2 k -0 0z © k 0502 0 53 ,3;,0141,0127
+*Z 0%, - 3 $0%, - 3 VoboP4 - I5 k Id’ol |¢1| ]
+ 0(r £2) ' (5.20¢)
2w 2 b -0 -4 - -
by = -66232031631% r e+ 259500 r - 3W3F4] 3,
o - - 2,.0/2 2 2 -0, =2
+ 3kg385 r3 4 (7209121210512 - 3203278301 " 5
+ wg 2+ o(r~t £2) (5.20a)
e 12 13E2021C12 + 12 - 80320021 r
2-0|.0)2=,0 0=2.0 . -k 0,,=0,0,2 =3 _2
+ (3158200012805 + weTE%6S Ir' 4 Gu(kB6D)% r 7

o

2
1 |

S R Pd P M € M D e

07050 4. -00;.02 -1 0k -3
- DOCOIE S U E R N D
3,0/%0,012,70 4,20,012|,0121,0121,~2 2
+ [6 1008207096 - 22 %7 (3.07) oo | “le 717" 5,

+ [2267%2)%K - b x3068K - 298 k3(3269)%]621% 49 2
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3,0050,012,z0 _ 38 .3 -0;.02|,0/h , 185  3-0/,0,2|,0/2
+ 12 K063(3249)%082 - 2213 3206211631 + 232 k73016212105 1%863
2
3=0/20,025,0 220, 0,=0%, O k- =0 07,012, -0
+ 63 k79, (F297)5BC - 12 K°G 0786 8] + 3 Uoo7|e,|"¥]

3=0=2, .0 2,,0,2 3=0=0/ 402,70 2-0| ,012=2,0
b kBB 0y 671 2 K750 (87)79F) - 6 k79 |eg | F 0.

+

2~ 2 o a2 -2 -
k232160128562 + 2 k55201671 %00 1r2 + (7K

=0).012 =0 Om =0 0,2 L 0= O
2 k016, 1K - 2 kG 018K+ S(kF9])K - 6 k Ko Fe)

+

2 k056 + 3 k280 - FD® + 2 K5E16Y

+

4
I

b =n 02,0 2 012 547 . 3-0,,012,,012%.0
179 k(3 60 ep o717+ 25 wa Lo | ler 1 7Fe)

23 125210128762 + b k3(3202)262630 + 85 17 (3245) %5307

3

N P AR Tk R G [l

- 18 k232|¢i 2%2¢g -8 k2$g¢:%$g§¢§ - k$§§¢i€$2

+ 2 KP02(620%085 + 7 KEU2(8) R0 - 28 KUTTTTHH

- 12 25216217802 + 220500001 ¢21%032 + 7 1000 105 FHg

- KPR210R1% + 2 waBBeY + 3 k73165 1%, - 5 ¢ SeRIENG

ORI 12 0 6L ) (5.20¢)
B. Tetrad components of the Maxwell tensor:

6, = 00 + o2 + 0(r”) (5.21a)
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o =2 0,012 -0.2,0_ 2
63 *7° - kéglec]

+ 1 - 3 3800 - k26200

©-
=
[}

~0,2.0 3 0=2

1 012 o i=z2 172
[ §, 6310012 « 35 1826567 - 2 kel%45 - § %0

+

ofr> & ) (5.21b)

+

-2 -0 =2 o-l

= -2 kb (4)1)2 O+ acpl r  + ¢2r 3° 0)2 2

+ 40 (k3007

<
n
§

+

k633086 - %-¢§(k$§¢§)215 [ 17262+ x 526016212

-2 02 l3o—oo
o,(67)° + 75 ¢ (k3 0,)

1
sl
e
[2s
oq
e
l
W
-e
6-
'-l
P
a
el Eog

k|¢ |%% ° ] + O(rL) (5.21c)

C. Spin coefficients:

L
o ot 4 K012 1w Lo 119212+ kP601" + 95202 + 9423207 + 0(x")
(5.22a)
1 o 1.12 1 2 2 0),012,.3 b
o =S vor+ur + L5ug * s kugle [Tl + 0(rT) (5.220)
=0,0 =1 o -1 2 k o0),012
a =Kk e 4 Ot -3 ¢hw| 5 15 a°062
1l -0-0 2 x2394°1,°12 _ k 7oz
- 53%0 + Jxace]lec|” - 5 30Fe. + K52021 r + 0(r°E)
(5.22¢)
-0 -1 k ,0-0.0 l¢l oo k=002 1lgo
B = - -§-¢°¢°¢lrﬁ+§[3a\po-3u|¢°| T %,
+ 2 023200 + 54280 1 ¢ + 0(x%8) (5.224)
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- - k 2 -
vo= k%80 r e - B 028060 + k0285 1001%0r B+ 3 1 5 k% 03801001

5 00,0 lgz:.> k o,-0 , 3 2-0 2 :
+ g k w°$o¢l - Wo -3 ¢°5¢° +35k ¢o¢l Ir + 0(r" &) (5.22¢)

A==k 3202 £ 8P 4 x[§08s] -

w||—'

|q>l|2 vt 5+ 2%
+ [k o380 - 2900 - £ P12 1+ 5 $%§I¢F z?
¢ 1 DR2)%60 - 22 13(7262)716212 - 1342 72192131632

-0-2

k -
+ 3 Toog8do + l¢|%1-2k 5269)°) r %
3 2 -o -2 17 3 -0, 0 2

+ L1 1 5202 + £ 508502 + 208 520607 + L2363
+ 391 2-0 2 _1l-o0 l1-10 k=202 5, =0 0,=0
3R RU21P1031% - 39 K - 5 Tovg - 5 F,1601° - gk ToeeE
K «0=0x,0 K =0,0,=0 2 0/=0,2%,0 o

- 3 ¢0¢l§¢0 - 1—2 ?oq’lwo -3k ¢l(¢0) 0@0 - ¢ l¢ I g¢ ]r
2 ‘

+0(r° &) (5.22f)

- - - 2 2 2 - -
u=—MﬁF e BN S 154 B T e Pl B
1 - 1 2

SES100% ¢ 202 BNT ¢ 1® ¢ g 6 oDle0)0]
e 19080800 - 5 42032907 - b k31021512 + 3k FO0TENS
0’0 "1 " l ol 1M1 o'l o
] 0,2 2 2
- 21210212 - 30 02210912 1 r B 4 H 1T B - xleglx
32002-0 T, =0,0% 0 0=0=,0 , 51 .2 =0,2y,0(2
t2 2 k d’1'4’0' %’% Y k ¢o¢lwo -k ‘Po¢°3'¢l + 10 k ¢o¢o'¢ll
2 —0g, 2 -2 - 2=
- %9-1{2 ¢ H’ll -k ¢§.§¢o * % ¢§g¢o -k ¢:|¢gl “g Iz
+ 0(x2 £2) | (5.22¢)
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' - 2 -1 .2
y = k]62]% r73 - 293 r2 - kP40 |03

L

+ 2k (@326 & + [6%1621%(691% + x (35T + 2 3%~

2 k
4%+ 3 10202 + 131021 16212 T 52 4 [ 00160 %
=0,042
+ 22 301401%862 + £ 32002 - 3 13102116212 - 420k 3%9)
k 304) 14’1’2 _1_?{_ 0-2l¢l'2 Im(&° w°¢c¢z+k ao_o‘f’ll‘?ll ) rL

+

2 1L 2
(s 700 + $18801% + Z5 k621716012 + 221314014142

-+~

Y o0, =0,0y2 020 112002—-0 1 ,2,0(,012,50
3 02032%9)° - 5 838 kS §7 Lo g1 8o, — 1 K767 oo |97

1 5°6%%° T -0z.2 k0,22 1 012
- 12 K 99,7 Tp K 9180 - Tp 180+ 408 l"’ll
- 2 - 2 0=0,0
+ £L 42 30 2“’1‘ + In (2 K20%62821621% + £k a®05045
l o=,0 k o0,0,=0 0,2=0
—-Eaa¢lo--§a¢oﬂ¢o+2ka¢ N )]r+0\r %) (5.22h)
=3 K2 ¢°¢‘;]¢1|2 £+ [ k°3F° °|¢1|2 -k 3 §¢° Ir3
+2k w‘;¢°¢‘{ 2 - 52L- [5"1'; +2 X ¢Z‘$‘I 1r2
2 - 3 2 [ ( )2 =0 + ¢o ?a,
+ 10 32021621%16912 £ 22 - k% [326I%0E2 + 77140, %703

1l =0, 0-0 2

- 2
5520216212 1091% - 5 3228514917 1e7H &

- 2 = - 2
- xl2 k 3306212863 + 5 1% 2621001%(051% - 205K - 2 k 52 (47)°0%

_ _ - 2
CERIRNE1% I 5 - (B a0k e 53 1 268162121680
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%2 2 321691892 - 5 k% 324707062 - 52 k% 321601 %02

+2 k“o%l + 2k ¢°§2 o i_3_ k2 =0 o—ol¢l|2 }_2:_ ¢J°_9'$°
1 k021?82 - £ k¥ 526206312 1+ + 0(2%) (5.221)
D, Metric variebles:
- 2 - 2 -
w o= -k o280 5 + k 6280 2890 - b k¥ 28210017 - £ x v543
+ 2 k¢§8$ - 6 k¢ ¢g 1r2 + o(r3%) (5.238)

-2 (o}

=1 2 2
R P R A B S DA R[>

21.,0121,012
-2
+ 0% - (¥%4+7°%)r + Rel X |¢ | |¢1 %_:8 wg(k $§¢:)2

2
—g- |¢l€f¢""}2£'g-§l¢l 2¢¢ wolr £

+ RelZ k 07052 + K 4259500 + & 3200002 + 318 591631867

__Jl._es,zg |6¢o‘2 klw | |¢112 7(9) k3'¢o|h|¢l|2 17 o(k$g¢i)2
- %9 2 °‘2I¢1|2 1x2 + 0(r3 &) (5.23b)
= O ey [ 4 g2 ¢ L 00 2, 14208
v Lo 2l |0 Lely2 2% k 4216912608 + 1 32208
+k ¢§$§£°A 1r3 + o(e™) (5.23¢)
X = 2k Re(BU M) & - 2k Re(§4] gORy-1 4 y0A
-£ge tw°¢°¢§a°A 3200215 r &+ & Rel6 KBo03e™
+ 8 k7529214012 LI 04087 - #52 - 2 KboBey Ir + o(r%)  (5.23d)
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E. Relationships between the “constants":

W = ¢i =0, 1°=3°+8° =0 (5.24a)
£%2 =169 = p(u,,7) , P=F (5.24b)
K = 9% logP (5.2k4¢)
o _ 9 k-oo
e T (5.2L4)
20 =k 3285 - (k3063)° (5.2ke)
x°? = -g- (2° + Z2°) R X3 - -1211- 2270 (5.24r)
2% = 21083 - 3 4 - kil 012 (5.2g)
o, _ 32 2 012,012 0,50 =0=, O
U™ = K + |¢ | [¢l| - 2k¢, 7% - 2k§,Fp_ (5.2Lh)
WO = -k + 8 k%[62|%(621% - oke o8O - kFITGC (5.241)
¥ =-2f+p®®+ % 216217 + 2 m/2%F10g P) (5.24)
vy = 3 (5.2bK)
o _ o 0,07) .
o _ 01,012
%, = -3 ko4, (5.24m)
% = -k 5°(¢°)% - 2 y%° (5.24n)
o 1'% 3 7o'l ’
Bad= -3 vy - 22k v21031% + 6 132020
° 2% 1 o¥1
0=0= 2,000 -, =0, 2
+ 2 ko "’1‘” + 10k¢°vm¢l - 6xF740]
N=0= 11k K2
- 10Ky ¢vm¢° ok |¢ | |¢1 (5.240)
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o "'x-3,<¢¢x+ °%“" 5k6’¢1¢

<
it

o L& O 0o 012 k 0, =0=0
+ 3k 202016012 - 1 32601431% - 5 oH (3080

2 o1,012,0 _ b1 220 (01 2pm0
- 15 67 5006317862 - 22 ¥ 591001865 - 3 1550 (49) %652
A 8 3 = Cl 0121,02 \
+ 2203 52916012162 (5.2kp)
F. Differentia’. egquatiens:
22k 60w L el 4 TeTD)] = -m] - FD)  (5.25)
9= 35 02+ kel + 20308 + B+ 3 2°W5 + 2w}
< < . «
- o - Car a0 -O"( [ 9] y Q="
= BEK + Jk[¢3"€(¢‘oK) + "1'6\¢0KA} + k""z‘pz
k 2=0 =2 O 3 '!
+ri’;"ﬂ'”o+'ﬂ"iﬂo]+'kl¢‘€¢‘3’¢ +¢’?f¢’?"
+ £ 0050853 + 720007501 - 3 5 (9835762 + B %5,
€. [
e Ci [¢] o E ;, , C ‘:' . 2 \
AL : Mli K+Zk L(‘V;i Gob @ ) + (9 ‘?”'45 ¢‘.)/.

3 12 - Z O - O,
+ 3 K107 + (3%952)71 - 2 110217 1005%06° + 724550

=9 %l v Zha® 1007 + 520%0%Y |
+ 18 k210004017 + 3 6% (30000, 56%52 + 623010
- ¢ k?w;i (052450 + Tro3aus) - 222 k21001216212 16%52 + 3257 ]
-2 20712 0F00)% # T e 1 - s ke 0 4 502
- —— 216912 16208907869 + 3206,)%70] + b2 & ¢’ll‘!¢°’l‘
{5.26)
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5.2. Analysis of the Einstein-Maxwell Solutions

The results for the Einstein-Maxwell theory obtained in Section
5.1 are obviously many times more complicated and non-linear than those
for the previous ceses. To extract from these results the equations
of motion and the time dependence of the internal structure, we shall
therefore have to adopt a linear approximation once more. As in previous
chapters, we shall impose the regularity condition P = Po(l+I) and
assume that f’o/PO and I are first-order quantities. In addition, we
shall carry out the analysis only to first order in the coupling constant
k.

We start by noting from Section 3.2 that in the Reissner-
Nordstrom solution ¢§ and wg are related to the electric charge
and the mass, respectively, by means of the equations ¢: = e and
wg = -/2 k m. Hence, in the generalization of this solution to that
of the full Einstein-Maxwell equations cobtained in Section 5.1, we can

expect the k-dependence of ¢§ and WZ to be of the form

¢; = Q-+ 0(k) (5.27)
¥ = W+ 0(x?) (5.28)

Next, recalling the spin weights of ¢g, ¢g , and wg, we write these

quantities as

°= o, = T8, W = 76 (5.29)
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where A, B, and G are all spin-weight zero variables. In our
linearization procedure, we shall assume that A, B, and G are also first-
order variables like éo/Po and I.

Now, if we substitute (5.27) into (5.2im) we find that

¥Q = 0(k),
vhich implies that Q = E(u) + 0(k) or

(]

$; = E(u) + 0(x) (5.30)

Then, substituting w: = 3% into (5.2%0) and using the commutation

relation for ¥ and ¥, we obtain
533 = 4%8c + 6k#%C = O(k).

In the linear approximation this becomes

eﬁ(a;ibc + 66) = 0(k), (5.31)

vhich implies that G # R + O(k), where R is an 4 = 2 spherical spherical

harmonic, i.e.
FFR=-6R . (5.32)
Thus, wg is approximately given by

W0 = aﬁ R + O(k). (5.33)
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Using (5.30) and (5.33) in (5.24n), we then get

L_E g2
3§A =~ 3 ¥R +o0(x), (5.34)

the homogeneous part of which has the solution A = F where F is an

2 = 1 spherical harmonic. Hence, the complete solution of (5.34) is

A=F--331ER+ 0(k), (5.35)
which means that
°. L
95 = HF - 3 B R + o(x). (5.36)
From (5.24g} we find next that
o
¥2° = 0(k). (5.37)

As in the discussion leading to (4.46), the soluticn to the homogeneous
part of (5.37) can be transformed away by means of the coordinate

freedom ' = g(u,z)., Hence, we have
)
2° = 0(k) (5.38)

Linearizing (5.25) we then obtain

¥FB =~ E + 2E _P_g_ + 2 Ei + 0(k) (5.39)
P
(o]
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If I is assumed to have & specific 2-value, i.e, %‘O?OI = LI with

L = 2(2+1) we can decompose (5.39) such that

P
cm 2 - 2E
B =-E 7 I+ 0(k) (5.40)
and
E = 0(k) (5.41)

The last equation implies that

E: e+ 0(k) , e=0, (5.42)

where the constant e (assumed to be real) is just the charge of the

particle, With this result, (5.30), {5.36), and (5.40) become

6. = e+ 0(k) (5.43)

(o] e

b= FF-FHR+ 0(k) (5.44)

B = -e o - _2_e_i+o(k) . (5.45)
P, L

If we then substitute these results together with (5.28) into (5.24 )

we obtain

B = 2ef(efo +2 ¢ 1)+ 0(k) (5.46)

Py L

wvhich has the general solution

W= Mu)+2e2F0+ 421+ oK), (5.47)
P T
(o]
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where M is the solution of the homogeneous pert. Thus, wg is given

by

~

+ 4 ¢ 1) + 0(k?)
1

¥3 = k(M + 267 (5.48)

"Ulo"U .

[}

Finally, we consider the linearization of (5.26). Substituting

into this equation the expressions for ¢§, ¢:, ¢g, wg, and wg s We

obtain to first order in k
P P 2 P . P
o 2{°0 - o ke™ o] I 2 .9
k M+ 2ke | = Sl + b =1 -3k(——<'———)(M+2e
[Po (Po)a] L P° 1+I P°
2 °
+ L {— I )= 88K - 3ke[#(K8A) + F(K¥A)]
P P
2 0 2 :y X1 0 2 =
- keﬁ(f,— t T I) 6(-P— t T I)
o o
2
(5.49)

- B8 + Pt + 005

After using (2.62) and (3.10) and linearizing, this becomes

P =2 2 P .
kM+2ke2(~1;9-+ g-)+!+-15%~1~3kM-1—;2-3kMI
[e]

o

=8B FF I+ 4% I - 3ke¥ §F (F+F)
0000 oo oo
' 2
2 - ke 222= =2 2
+ xe®8 F_(R+R) - 55— (439°R + 527 R) + 0(x®) (5.50)
Since F and R are spherical harmonics with 2=l and 2=2, respectively,

and since %’03'01 = -LI, (5.5C) can be simplified further to yield

“‘ "2 2.. é .
kM+2ke2(-1;9 *—2—) + h%—x-%mi,-"- - 3k MI
[o]

o

= L(L-2)I + 6 ke(F+F) - 12 ke?(R+R) + 0(k%) (5.51)
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If we now decompose this into its different 2-values, assuming that I

is an 2=2 spherical harmonic, i.e. L = 6, then we get

2 =0 M = 0(k) (5.52)
2=1 Mi‘l—-z(F+F)+3 2(Eg +5—) + 0(k) (5.53)
= P < 3 ¢ P, T2 .
g =2 %kezf - 3KMI - 24T = -12 ke2(R+R) + 0(k°) (5.54)
From (5.52) it follows that
M=7v2 m+o0(k), (5.55)

where the constant m can be identified with the mass by comparison
with the expression for ll’; in the Schwarzschild solution. Substituting

(5.55) into (5.53) and (5.54) we get

B P “o

o _ = 2 2¢.0 £
2 m B, - -2e(F+F) + S e (Po * 3 ) + o(x) (5.56)
.2 o o i _ 2 - 2
-3-ke I - 3kv2 mI - 24I = -12ke“(R+R) + 0(k") (5.57)

In the limit k+0, (5.56) becomes

b P v2
VZm =2 = -2e(F+F) + 2 &° (—?-+-E—-) . (5.58)
P 3 P 2 .
o )
The second term on the right has already been shown in (2.68b) to be

equivalent to the Abraham radiation reaction force; the first term will

now be shown to be equivalent to the Lorentz force.
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If the Lorentz-Dirac equation given in (1.8) is expressed in
terms of a parameter which is V2 /2 times the proper time on en arbitrary

timelike (regular) world line in Minkowski space, it becomes

2 &

s ze £+ 2 (e + 5 EPEN, (5.59)

with
Eug = 2 . ( 5060)

Multiplying (5.59) by R,u and using (2.46b), we get

P P 2
S . oepVMi g 2 2(_2 5_)
2 m P 2eF %, +3e B * = (5.61)

Now, since Ev can be written in terms of the tetrad vectors 2.\’ and

n_ as
v

and since F'V is antisymmetric, then
'F*’“évzu = F“"zunv = -F““zunv . (5.62)
But from the definition of ¢, given in (2.9), we heve
F““zunv = 4t d
Hence the first term on the right of (5.61) can be expressed as

eeF"“évzu = -2e($,+3, ). (5.63)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104

Now, consider the flat-space limit (K- =1, I = wa =0, & =0,1,2,3,4)
and the test-charge limit (@i = 0) of the Einstein-Maxwell solutions
obtained in Section 5.1. In this limiting case the world line r = 0
becomes & regular world line in flat space, and the velue of ¢l on this

line can be seen from (5.21b) to be

o=

o= - 5800, (5.64)

where ¢2, according to (5.2kn), satisfies
o —
¥ b,=0. (5.65)

If we egain let 4’2 = & A, then (5.65) implies that A is en g =1

spherical harmonic, i.e. A = F, Therefore, (5.63) becomes
VU = 7Y =
2eF gL = e F_(F+F) = -2e(F+F). (5.66)

Substituting this back into (5.61) we get precisely (5.58). Thus,
we have shown that (5.58) is equivalent to the Lorentz-Diracwgquation, with
the external field given uniquely by the & = 1 component of (6652 + 56¢g).
| Finally, we see from (5.57) how the internal degrees of freedom
are driven by the incoming gravitational field to lowest order. Without
the incoming fields, the two equations (5.56) and (5.57) of course reduce
to the linearized RTM equations of Section 3.2 and leed to the solutions with
unpleasant runeway features. It would be interesting to lock into the
higher order extensions of (5.56) and (5.57), but unfortunately we do not
yet have & self-consistent approximation procedure for anslyzing (5.26)

to higher orders.
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6.0 SUMMARY AND CONCLUSION

We heve presented here a new approach to equations of motion
in general relativity, in which motion is analyzed in terms of the
structure and behavior of a family of null cones emanating from a
special clasg of singularities, called elementary singularities.
By means of this approach we were gble to give an intrinsic description
of the motion of a singularity in its own space-time, with no ref-
erence to a regular background space. The basis for our approach was

the condition

-3+ (@), o= o), ',

©
It

which we imposed on a family of null hypersurfaces u = const in
Riemannian space. This condition made it poscihle to define & fun-
damental 2~surface (F2S) whose metric is specified by & function

P = P(u,z,Z). By assuming thet P = Po(l+I) we were able to give an
alternative mode of describing motion, in which Po/Po is identified
with acceleration and I is interpreted as internal degrees of freedom.
We then showed that if the Weyl tensor is singular on the line r =0,
Eingteint field equations yield differential equations governing the
behavior of the F2S, from which one could extract equations of motion
for the singularity in terms of ﬁo/Po as well as equations for the
time development of its interngl structure I. In particular, we
analyzed the motion and structure of singularities in three cases:
(1) the Robinson-Trautman solutions and their charged counterparts,

(2) a general empty space, and (3) the Einstein-Maxwell theory. To
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lowest order several interesting results were obtained, of which the
most significant one was the derivation of the Lorentz-Dirac equation,
with thevLorentZ'férce appearing in terms of a unique background field
and the Abrsham radiation reaction force arising unexpectedly without
any mass renormelization or ad hoc models. This derivation of the
Lorentz-Dirac equation from the Einstein-Maxwell theory plus the dis-
covery of an internal structure I for an elementary singularity constitute
the major acheivements of our apprcach to equations of motion.

In conclusion, we would like to point out several directions
in which thevwork presented here could be extended. First, one could
study the effects of the non-linear terms on the equations of motion.
It would be very interesting, for exsmple, to find out whether the
non-linear terms could stabilize the behavior of I in the RTM solutions.
Secondly, though it appears that our method does not allow the Weyl
tensor to have r-" singularities corresponding to an intrinsic dipole
moment and angular momentum, it might still be possible to introduce
angular degrees of freedom corresponding toc spin or angular momentum
by replacing conditien (2.70) by

_ 1
T T r+ i J(u,z,2)

+.0(r), o = 0(r) .

Finally, one could possitily generalize this work to a system of more
than one singularity and investigate the interactions bhetween, say,

two singularities.
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APPENDIX A

We want to prove here (without use of the field equations)

that the 2-surfaces, u = const and r = const, possess a metric given

by

£2

[+] [o] C
. —- l-f -
&4 =" 3 Eap +0(r"),  gyp = gy (w.x)). (2.71)

Since the metric tensor guv of space-time satisfies the relation

] a
g, &8 = 8, (A.1)
it follows for the cese o = A and B = B that

bA _ 0A | 1A CA_ A
gy & T8y & Ty & tey & =6

(a.2)

But from the form of the metric given in (2.13a) we note that gOA =0

and gy, = 0. Hence (A.2) becomes

CA _ A
ch g = GB ] (A.3)

which implies that &ip ‘transforms as a 2x2 metric. We also note

from (2.13b) that gAB is given by

AB A-B , =A B

g =-(8% +&¢&) . (A.4)
Now, in Section 4.1 it is shown that the metric equation

peh = ot 4 o A . - (2.168)
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together with the conditions, p = - r~! + 0(r) and o = 0(r), leads

to the result

A oA

g = g r-l+o(r), (4.13)
where qu = gOA (u, xB). Substituting this into (A.l4) we obtain
'® = - (£%%%8 + %) 2 + 0(1) (.5)
or
g® ==2 g r-2 4 0(2), &% = gPu,x") (8.6)
where
EAB . (EOAEOB + EOAEOB) (A7)

2 .

If we then write (A.6) in matrix form

2 g22 r~2 + 0(1) 2 @23 r~2 + 0(1)

SAB'

2 g23 r— + 0(1) 2 833 r~ + 0(1)

and teke the inverse, which from (A.3) is given by g Ve get

2
mel_ © 4
Byp"= 7 By * OlrY) (A.8)
where
° ' 533
822 = (A.98)
(gzzgaa - gzagzs)
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o. g22
833 = o 0520/, (A.90)
(%22333 - 823éd3)

"

0
—g23

m

[e]
23 S (A.9c)
(322833 - gzagza)

This proves Eq. (2.71).
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APPENDIX B

In Chapters 4.0 and 5.0 it.was shown ‘that the condition
(2.70), namely, p = - r~! + O(r) and ¢ = 0(zr), led to the result
that wo and.¢o must be regular functions near r = 0. Here we shall
consider the,iﬁverse problem of finding p and o under the assumption
-mmwd;ou)mm¢°;ouL

Consider the radial equations (2.18a,b) for p and o>

Do =pl+00+k ¢°§° (B.1la)
Do = 200+ Y (B.1b)
If we let
p. C ko 9, Yo
= =
o p b k¢ %, | » (B.2)

we can. express (2,18a) and (2‘.18‘0) in the form

DH = H2 +J , (B.3)
Putting s = - l/r and d = d‘/d.s,_ this matrix equation becomes
dH = - 872 (H2 + J). (B.4)

To solve for H asymptotically for large s, we set

E=s? (@Y -Is, (B.5) |

110
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where E is the unit matrix and

1= (B.6)

is a non-singular solution of

s¥ay = (H+1s)Y (B.7)

and hence satisfies

@#Y=-6Y, G=s*J, (B.8)

Now, by a theorem from the theory of differential equations,"S if

the matrix elements G,, of G satisfy

J 5]G,5 108 = 0(2) (B.9)

then the asymptotic behavior of the solutions to (B.8) is given by*

aY

(B.10)

it
g
+
o>
e

Y (B.11)

]
0
>
+
(]
~~

w
N
-

where A is a constant matrix. Since Yoo O = 0(1) by assumption,

then G = 0(s~*) and so the theorem applies. Substituting (B.11)

and G = 0(s~") into the right side of (B.8) we get

A .
* ~ : s o A
f(s,u,xA) = ol[g(s)] means J;‘_'fi f—“‘?“—;—’{—l = 0 for each u,x .
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Then integrating this twice and comparing with (B.10), we obtain

aY = A + 0(s™2) (B.12)

=s A+3B+0(sl) . (B.13)

j<

We can now go back to (B.5) and solve for H. Thus, we have

p g 52 dyl dyz y2 -y2 8 0

Qar

T s g |s )
which yields

s2(¥, @y, - ¥, &,) = (v, ¥, - ¥, ¥, )8
2 ¥1 - ¥ ¥ 1% " V2 ¥y (5.14)

Yy ¥p =¥ ¥y

s2(y, &y, - ¥, d,)
B WS- (3.15)

Using (B.12) and (B.13) and letting |A| = det (A), these become

- - - 2 A
_(BQA 13l A2)s +_o(s)

|a| s2 + (A B

B. - A B.)s + 0(1)

- Ay By + A, B - A By

2

(B.16)

- 2 40
) (B, 4, - B, A )s? + 0(s)

|a} 82 + (Al'l_32 - A

- ~

s By +A, B - A Bs+ 0(1)

(B.17)
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Let us first consider the general case, A.# 0, [A| # 0,

B # 0. Then (B.16) and (B.17) yield

.(B2 Al- Bl A2) + 6(8'1)

p = (B.18)
Y
(B, A, -B,A)
o= —2—2 2 1 , §(s1) (B.19)
|A] :
or
_C _E )
p = m‘ + 0(r), g= m*’ o(r) (B.20
where
C = (132 Kl - B Ka), E = (13l A, - BaAl) (B.21)

Now, when y = ¢_ = 0 the solutions of (2.18a) and 2.18b) are

P-ox S A ( )
- —p =T = B.22
p = A 2 ¢ = A .
(p%~r)2 - ¢°5° (p°-r)2 - ¢%5°

for the case p = p # 0, 0 # 0, p% # 0o (see Ref. 37). The null
geodesics described by (B.22) are what are known.as "spherical rays".

For small values of r, (B.22) can be expressed as

o] (o}
p = -—Lo o T o(r), 0= =0 g -5 + o(r)
p2~co0 0°2 = g0

(B.‘2__3)
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which are of the same form as (B.20), Therefore, for wo and ¢°
regular, the general solutions of (B.la) and (B.1b) correspend to
spherical rays near r = 0.

Next, we consider three special cases, one of which will

lead to the choice we have adopted in our work, namely, p = = r~1 + 0(r)

and 0 = 0(r).
I. B=0,A#0, |A|] #0: For this special case, (B.16) and (B.1T)
yield
- —0(s) i 5 = o(s)
|a| s2 +8(2) |a| 82 + 6(1)
(B.2k)

i.e.

p = d(s~1) = o(x), o = 0(s-1) = 0(r). (B.25)

Since p, 0 > 0 as r -+ 0, this case therefore corresponds locally to
"plane rays".3?
II. B#0, A#0, |A| = 0: Using (B.21) in (B.16) and (B.17), we

get

¢ 5% + 0(s) s = E g2 + 0(s)

(8 - C)s +.0(1) (B-C)s + B(1)
which yield (B.26)
p=— 4 5(1), o=-2— +0(1)
c-2C C-2C
(3.27)
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Since p = p, we must have C = -C, i.e. C =1 a, where a is real.

Moreover, since IAJ =0 er Al Aa - A A1 = 0 we can write E as

A By Ay 210 \
E=B 5= Ay ~Byg-A = -3°C = -iae (B.28)
1 2 1
vhere A, = |A,|ei%. Substituting these into (B.27) we obtain
egia
p = - i.r-l + O(l), g = - r~l + o{1) (3-29)

c

§ 1 ' -
By means of e spetial rotation 2“ = z“, ot = nu, o' =n" e ia’ we

can set 6 = 3 r~! + 0(1). Then, if we let

p=-}.r'1+g, °='£r-l+h >

where g, h = 0(1), and substitute these into (B.la) and (B.1b),

ve get

1]

Dg+rlg -3h +.ﬁ)r‘1 0(1) (B.30a)

Dh+r1lh-gr!=0(1) (B.30b)

Remembering thet g is real because p is real, we can combine (B.30a)

and (B.30b) to obtain

Db+ b+ 2g) = 0(1),

vhich implies that h + A = = 2 g + O(r). Putting this back into

(B.30a) we then get
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Dg +2r! g=0(1),

with the solution g = O(r). If we now substitute this inte (B.30b)

and integrate, we also find that h = o(r). Hence, p and ¢ become

- _ L ) =1
p=-pnt o(z), o= g=+ o(r) (B.31)

Locally, these expressions for p and ¢ satisfy p2 = 0g, and so
the case |A| = O corresponds to "cylindrical rays" near r = 0.37
III. B# 0, A=0: For this case we find from (B.16) and (B.1T)

that
o = 0(s) = o(r-1) , o = 0(s) = o(x~1) (B.32)

Substituting this into H, we get E = 0 (r~!), and assuming that H

is non-singular, i.e. p? # 00, .we can express (B.3) as

DE!=-1I-F1lgp1 . (B.33)

But since H™! = 0(r) and J = 0(1), (B.33) becomes
DH-! = + 0(r?), (B.34)
which can be integrated to yield

Hl=-Ir+o0(r3) , (B.35)

the constant of integretion being zero because g—l = 0(r). Taking

the inverse of (B.35), we then obtein

H==-Irl+o(r), (B.36)
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p=-2 4 o), o=o0(x) (.37)

which is precisely the condition we have adopted in our approach
to equations of motion. Since p # 0, 0 = 0 near r = 0 according
to (B.37), the case A = O therefore corresponds locally to shear-

free spherical rays.3’
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APPENDIX. C

In Chapter 4.0 and 5.0 we adopted the assumption w; = 0.
We now show that at least for empty space the conditions p = = r-1
+ 0(r) and o = 0(r) lead to the result wi = 0.

Consider the integration of the radial equations in Section

L.l without the assumption IP; 0. Starting with (4.20a), 1i.e.

O =4 & o(r-1)

-1
Dp, + 4 r v, )

0(r=2) - Yy = ¥

(c.1)

we go on to (2.18, d,c,e,)' and (2.16b)' and obtain

(2.184)" DB + r-1 g = yJ r™* + 0(x"1)>
B=-} vy r 0+ g%+ 0(1)  (G2)
(2.18¢)" Do+ rla=-d P04 r2-} $c1> ¥ x4 0(1) +
o= -3 rpg \pi r’llogr+a®rl-} Ei ll’?_'*‘ o(r)
(G.3)
(2.18e) t=a+p=-}y -4yl 00! log x4 0(1),

(Cc.h)

where we have set 10 = a© + 8° = O by means of anull rotation.
(2.16b)"! Duw + r~! w=1} wi r 3 + 0(r! log r) +

w ==} wi r2+0® 271+ 0(log 1) (C.5)

From (2.17b), however, we find that

118

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



119

(¢}

- Q

|
!
Q
o
=i

Using this to integrate the radial equations further, we get the

results:

| i L
‘1’1'—"1*;1' Yo w9 ek udvel? tog v+ 0(2)

(C.Ta)
@ ==} $2 wi rilogr+a®rl-} Ei ¢§A+ o(r)

(€. 7v)
g=-14 wi rd.gorl-} wg ﬁi + 0(r log r) (¢.7c)
T=-1} wi rd.-} wg $i r’l log r- 25; wi ﬁi + O(r log r)

(o0
w=- 390 r 2+ L0 T togr - A0 B 4 W ¢+ 0(x2)

(C.Te)
Then integrating (2.16c) we obtain

x

y Re (39 £°M)r7% + 3 Re (2 99 €M) log ¢

§re (3292 ML - 3 Re (3L 42 £°) 1og r + X%

+

0(r log r)

The next set of radial equations (2.18g)', (2.18h)', and (2.20b)
can be integrated similarly by using the lemma given in Section 4.1

to show that when wi 40, r=0(x""), u=0(r-6) and by = o(r~7).
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Thus, we

<
n
n

Finally,

have the following results:

3% $2|¢;|2 3 - -2%1? miwfﬂz 2 + o[z (log r)2]

(ceTe)
210202 275 - 2520402 r73 1og r - 2 [Ty - % ﬁg(wiﬂ]r'é
2 e [WL(FD)2] 72 log r + {F Re [Y2(32)2] - 9} x™2
—%—'— [%‘(tpi E;g) + % |wg|2[1p;|2] r™! log r + p° r"! + 0(log r)
(C.Th)
-2 0012 #TE 23202 ™ Tog x4 [ 45 - 5 O(¥])21eT
- % Re [V2(F9)2] r73 log r + v] r73 - 2 [B(F] v0)
+ 1= (421247121 272 + 0(x™} log 1) (c.74)

the integration of (2.164) and (2.18f) yields
U= - = [4°]2 z%% + 0(r~2 log r) (C.73)
12 "1
v = = [32]2 r™5 + o(r-31og r) (C.7k)
12 '¥1 >

where only the leading terms have been written out explicitly because

the other terms will not be required in what follows.

Let us substitute the results (C:T a-k) together with the

expression for p, o and gA given in (L4.7), (4.8), and (4.15) into
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the non-radial equation (2.19g), namely,

UDo + 07 + XA G,, = wht - gA Ty, + 28+ (u+y-3)o+aip=0 .
A Y

A
Taeking only the leading terms we obtain

2)

-% (wl 2p76 + 0(r % 1log r) = 0, (C.8)

which implies that wg = 0. Therefore, under the assumption that
p=-r-14+0(r) and 0 = 0(r), the coefficient of r-% in the Weyl
tensor vanishes, which means that the elementary singulerity cannot
have an intrinsic mass dipole moment and angular momentum. It is

our guess that this result for empty space also holds in the Einstein-

Maxwell theory.
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