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1.0,. INTRODUCTION

The study o f  motion i s  o f  great  im portance and in t e r e s t  in  genera l 

r e l a t i v i t y  because o f th e  unique fe a tu re  o f E in s te in ’s f i e l d  equations which 

makes then  determ ine th e  motion o f  t h e i r  lo c a liz e d  sources. In  o th e r  f i e ld  

th e o rie s  such as electrom agnetic th e o ry  the  equations o f motion have to  be 

added to  th e  f ie ld  equations as an independent p o s tu la te . In  genera l 

r e l a t i v i t y ,  however, th e  equations o f motion a re  d e riv ab le  from th e  f ie ld  

equations and may not be p o s tu la te d  independently .

H is to r ic a l ly ,  th e  p o s tu la te , o f  geodesic motion fo r  t e s t  bodies was 

in troduced  by E in ste in  a longside h is ' f i e ld  equations in  h is  o r ig in a l

form ulation  of g enera l r e l a t i v i t y  in  1916. Eleven years  l a t e r  he and
o

Grommer showed th a t  th e  equations o f  motion fo r  t e s t  bodies could a c tu a lly

be derived from th e  f ie ld  equations and need not be p o s tu la te d  se p a ra te ly .

Then in  1938 th e  problem o f motion fo r  heavy bodies was solved fo r  th e  f i r s t

tim e by E in s te in , In fe ld ,  and Hoffmann (EIH) who showed th a t  th e  equations

of motion fo r  two bodies could a lso  be determined from th e  f i e l d  equations.
1̂

Independently of EIH, Fock a  year l a t e r  a lso  obtained  th e  two-body equations 

o f motion bu t only in  th e  Newtonian approxim ation. The post-Newtonian 

equations o f motion were l a t e r  ob ta ined  by Papapetrou^ w ith a  s im p lif ie d  

v e rs io n  of Fock's method and shown to  be th e  same as th e  r e s u l t s  o f  EIH.

Since then  a number o f refinem ents and new techn iques have been developed 

to  study motion in  gen era l r e l a t i v i t y .^

In  o rder to  d iscu ss  how equations o f motion a r is e  in  g enera l 

r e l a t i v i t y ,  i t  w il l  be necessary  f i r s t  to  give a  b r i e f  review of tn e  th eo ry . 

G eneral r e l a t i v i t y  i s  e s s e n tia l ly  a geom etric theo ry  o f g ra v ita tio n  in  which

1
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space-time is regarded as a four-dimensional, normal, hyperbolic
Riemannian manifold with signature^---). The metric tensor which is
defined by the line element*

ds^" = gjjydx1JdxV, ( l . l )

p lays th e  ro le  o f g ra v ita t io n a l  p o te n t ia l  and th e  Riemann te n so r RpVpa, 

which i s  a  n o n -lin e a r fu n c tio n  o f  gyv and i t s  p a r t i a l  d e r iv a tiv e s  up to  

second o rd e r , rep re sen ts  th e  curvatu re  of space-tim e due to  th e  presence 

o f m a tte r. The r e la t io n  between th e  m etric  f i e ld  and i t s  m a te r ia l sources

is expressed by Einstein's field equations

G H R  - 7T g R = - l4irkT (1.2)pv pv 2 °pv pv

+
where k i s  a  u n iv e rsa l constan t , T^y i s  th e  stress-energy-momentum te n so r  

o f  th e  m atter d is t r ib u t io n ,  and Gyv i s  the  E in s te in  te n so r , w ith  th e  R icci ten so r 

R^v define^  by R^y = Ra pav and th e  s c a la r  cu rvatu re  R defined  by R -  Raa .

Now, th e  two p ro p e rtie s  o f  th e se  f i e l d  equations which make them

impose r e s t r ic t io n s  on th e i r  sources a re : g enera l covariance and non-
8 9l i n e a r i t y . * The covariance o f  th e  theo ry  w ith  re sp ec t to  a rb it ra ry  

coord ina te  transfo rm ations im plies th a t  G**v s a t i s f y  fou r d i f f e r e n t ia l
if*

id e n t i t i e s ,  namely, th e  co n trac ted  Bianchi id e n t i t ie s

«
Greek in d ices  a re  to  range and sum over 0 ,1 ,2 ,3 ;  lower case L atin  

in d ic e s ,  over 1 ,2 ,3}  and upper case L atin  in d ic e s ,  over 2 ,3 .

^The constan t k i s  r e la te d  to  th e  Newtonian g ra v ita t io n a l  constan t G 
and th e  v e lo c ity  o f l i g h t  c by means o f  th e  equation  k = 2G/c . In our 
c a lc u la tio n s  we s h a l l  g en e ra lly  ta k e  c = 1.

W*A semicolon s h a l l  denote co v arian t d i f f e r e n t ia t io n ;  a comma, p a r t i a l  
d i f f e r e n t ia t io n .
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GWV;v -  0 (1 .3 )

IIVwhich In  tu rn  impose r e s t r ic t io n s  on T v ia  th e  f i e ld  eq u a tio n s , i . e .

TWV; v ■ 0 (1 .4 )

I t  follows from th i s  th a t  th e  d is tr ib u t io n  o f m atter cannot be a r b i t r a r i l y

assigned  i f  a  so lu tio n  o f  (1 .2 ) i s  to  e x i s t .  Thus, by re q u ir in g  th a t  th e

f i e l d  equations be s a t i s f i e d  whenever (1 .4 ) i s  s a t i s f i e d ,  one can o b ta in  the

equations o f motion o f  th e  sources described  by T,JV. Moreover, th e  non-

l in e a r i ty  o f  th e  f i e l d  equations ensures th a t  th e  equations o f motion so

ob ta ined  a re  r io n - tr iv ia l ,  i . e .  they  give r i s e  to  in te ra c tio n s  between mass

p o in ts ,  fo r  example. Some l in e a r  f i e l d  th e o r ie s ,  which are  in v a ria n t under

a  group depending on a rb i t r a ry  fu n c tio n s , a lso  r e s t r i c t  th e i r  sources but

they  always lead  to  t r i v i a l  equations o f motion w ith  no in te r a c t io n s .10

The problem o f  motion in  g en era l r e l a t i v i t y  i s  a c tu a lly  concerned

w ith  two r e la te d ,  b u t s e p a ra te , q u es tio n s . The f i r s t  i s  th e  motion o f a

t e s t  body (a body w ith  van ish ing  mass) in  a given g ra v ita tio n a l f i e ld .  The

second i s  th e  n-body problem vhere th e  ta sk  i s  to  f in d  bo th  th e  motion of a

f i n i t e  number n o f  heavy bodies (bodies w ith f i n i t e  mass) and th e  g ra v ita tio n a l

f i e l d  produced by th e se  n b o d ie s .

In  th e  case o f  t e s t  b o d ie s , one considers a  tim e lik e  world tube and

assumes th a t  th e  m atter te n so r  Tuv i s  sm all bu t f i n i t e  in s id e  th e  tube and

zero o u ts id e . U ltim ate ly , th e  tube i s  to  be shrunk to  a  s in g le  w orld l in e  by
uvmeans o f  a s u ita b le  l im it in g  process which makes T zero everywhere except 

on th e  w orld l in e .^ °  By applying a p e rtu rb a tio n  method to  (1 .2 ) and (1 .4 ) ,  

one then ob ta ins equations o f  motion in  th e  form of a lg eb ra ic  r e la t io n s  and 

d i f f e r e n t ia l  equations fo r  th e  mass m ultipo le  moments defined  in  terms of
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Tyv 11-lU A lte rn a tiv e ly , one could f in d  th e  equations o f  no tion  o f the 

t e s t  p a r t i c le  by analyzing  th e  g ra v ita t io n a l  f i e ld  o u ts id e  th e  world 

l in e  o f  a  p a r t i c le  o f  mass m ( tre a te d  as a s in g u la r ity  o f  th e  f ie ld )  and
t C

then  ta k in g  th e  l im it  m ■+■ 0 , *  In  e i th e r  way, i t  can he shown th a t

th e  w orld l in e  o f a  t e s t  mononole p a r t i c le  i s  n e c e ssa r ily  a  geodesic.

For th e  n-body problem, th e re  are  b a s ic a l ly  two methods th a t  have

been used to  d eriv e  equations o f  motion: th e  EIH method which i s  based  on
17-20th e  van ish ing  o f  a  c e r ta in  two-dim ensional su rface  in te g ra l  and th e

method o f Fock and Papapetrou which makes e x p l ic i t  use o f th e  m atter 
21-2kte n so r . In  g e n e ra l, one considers a  f i n i t e  number o f lo c a liz e d  bodies

each o f which i s  enclosed w ith in  a  tim e lik e  world tube and assumes th a t  

Tyv vanishes o u ts id e  th e se  tu b e s . I t  i s  a lso  assumed th a t  th e  system o f 

bodies i s  is o la te d  and th a t  th e  g ra v ita t io n a l  f i e l d  i s  r e la t iv e ly  weak so 

th a t  space-tim e i s  considered to  be asym pto tically  f l a t .  Thus, one assumes 

a  f l a t  background space w ith  Minkowski m etric  nyv ■ d iag  ( 1 ,-1 ,-1 ,-1 )  and 

ta k es  th e  p e rtu rb a tio n s  hyv on th i s  space,

V  "  B y v -V  ’ (1 *5)

to  re p re se n t th e  g ra v ita t io n a l  f i e l d  produced by th e  lo c a liz e d  sources 

w ith in  th e  tu b e s .

In  th e  EIH method, m atter i s  assumed to  be composed o f  po in t 

p a r t ic le s  which are  rep resen ted  by s in g u la r i t ie s  o f  th e  f i e ld .  In th i s  

way, th e  choice o f  a sp e c ia l form fo r  th e  m atter te n so r  i s  avoided. From 

th e  s tru c tu re  o f  th e  f i e ld  o u ts id e  th e  tubes con ta in ing  th e  s in g u la r i t i e s , 

one then  t r i e s  to  deduce th e  motion o f th e  s in g u la r i t ie s  producing th e  f ie ld .
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Now, the free field equations G B 0, which hold outside the tubes, can

be expressed equivalently as the vanishing of a two-dimensional surface
25integral enclosing a singularity, that is,

"* V % 0 ]nmdS “  °» (1 *6)

where the Einstein pseudo-tensor t^v and the antisymmetric supcrpotential
V0 p** v V VOv are related to the Einstein tensor by 2/-g = t^ - v ,o, with

g = det (g ). With the use of approximation procedures, these integrals
6a bcan be shown to yield explicit equations of motion. '

In the method of Fock and Fapapetrou, matter is assumed to be

continuously distributed within the tubes so that there are no singularities

in the field. Thus one deals with the combined gravitational and hydro-

dynamical problem of a finite number of extended bodies. The basis for this

approach is TVV; v ■ 0, which must be solved simultaneously with the

field equations (1.2) by means of a self-consistent approximation method.

The usual procedure is to perform a power series expansion on g^v and Tyv

and then solve the resulting linearized equations in stepwise fashion. A

sort of compromise between this method and that of EIH has been developed
26-28by Infeld and his co-vorkers , who also represent the sources by point 

singularities but introduce these singularities into the matter tensor
A

by means of a modified Dirac 5-function, namely, 5 (x). A similar approach
29has been used by Havas to solve the two-body problem.

It is also possible to derive equations of motion for charged

particles in general relativity from the coupled Einstein-Maxwell

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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field equations

Guv - -l»TTkEWV , Fwv;v = = 0 ,
( l  7 )

b  i -  ( v W - e  v + i  »’jvwa8p )
E " Tw (P Pp + ¥ g F  aft'*

where E^v is the electromagnetic stress-energy-momentum tensor, Fwv is
the electromagnetic field tensor (*FWV heing its dual), and Jv is the charge-
current vector. The resulting equations of motion will then he the curved-

30space generalization of the flat apace Lorentz-Dirac equation

« ? .  .5/VU ♦ § e2( ?  ♦ (1.8)

where the first term on the right is the Lorentz force on the charge e
uvdue to an incoming, external field F , the second term is the Abraham 

radiation reaction force, and a dot denotes differentiation with respect
Olto the proper time. In 19*+0 Infeld and Wallace were able to derive (1.8)

from (1 .7 ) by using  an adap ta tion  o f  th e  EIH method in  which they neg lected

non-linear terms in Gwv and gravitational-electromagnetic coupling terms
in E^v and assumed that the electromagnetic field could be divided into an

incoming, external field and the field of the charge, with the latter being
taken to be a retarded field. Their method is thus unsatisfactory because
it contains ambiguities in the identification of the fields and fails to
incorporate the full non-linear dynamics of the Einstein-Maxvell theory.

With this historical background to the problem of motion in general
32relativity, we present our own approach to equations of motion, which 

differs in several respects from the standard approaches described above.
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F i r s t ,  our approach i s  baaed on an an a ly s is  o f  th e  s tru c tu re  o f th e  l ig h t  

cone in  th e  neighborhood o f  a  p a r t i c le .  Secondly, we use th e  Newman- 

Penrose sp in  c o e f f ic ie n t fo rm ulation  o f E in s te in 's  f i e ld  equations to  

derive  th e  equations o f  m otion. And l a s t l y ,  our approach provides an 

in t r in s ic  d e sc rip tio n  o f th e  motion o f  a p a r t i c le  in  i t s  own space-tim e, 

w ith no re fe ren ce  to  a  re g u la r  background space.

We adopt th e  p o in t o f  view th a t  m atter i s  to  be rep resen ted  by 

su ita b ly  defined s in g u la r i t ie s  in  th e  f i e l d ,  th e  f i e ld  being  expressed 

by the  Weyl te n so r (see Chapter 2 ,0 ) ,  Thus we consider a tim e lik e  world 

l i n e ,  along which th e  f i e l d  becomes s in g u la r , and a tta c h  a  n u l l  coord inate 

system w ith  an a sso c ia ted  n u l l  te t r a d  to  th i s  s in g u la r l in e .  A su ita b le  

d e f in i t io n  o f  th e  s in g u la r i ty  is  then  given in  terms o f th e  p ro p e rtie s  of 

th e  n u ll  "cones" emanating from th e  l in e .  Applying E in s te in 's  f i e ld  

equations in  sp in  c o e f f ic ie n t  form alism , we a re  ab le  to  o b ta in  rigorous 

equations o f motion fo r  th e  s in g u la r i ty  in  terms o f th e  behav ior o f  the 

fam ily o f n u l l  cones a sso c ia te d  w ith  th e  l in e .  Furtherm ore, we ob ta in  

th e  concomitant r e s u l t  t h a t  th e  p o in t s in g u la r ity  has an in te rn a l  s t ru c tu re ,  

w ith  an equation governing th e  tim e development of th i s  s t ru c tu re .  The 

o th e r major r e s u l t  o f th i s  approach i s  th e  rigo rous d e r iv a tio n  o f  equations 

o f  motion fo r  charged p a r t i c le s  from th e  Einstein-M axwell th e o ry , which 

reduce in  the  l in e a r  approxim ation to  th e  Lorentz-D irac equation .

In  th i s  work we have r e s t r i c t e d  ourselves to  o n e -p a r t ic le  systems 

o f  non-sp inning , n o n -tw is tin g  s in g u la r i t ie s  having no in t r in s ic  d ipole

moment. F i r s t ,  we p resen t th e  genera l formalism in  Chapter 2 .0 w ith a
33d iscu ss io n  o f th e  Hewman-Penrose form alism , th e  d i f f e r e n t ia l  opera to r

3lj
•if (ed th ) and a r e la te d  c la s s  o f  gen era lized  sp h e r ic a l functions  , a sp e c ia l

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35 32n u l l  coord ina te  system , and th e  b as ic  assumptions to  be used. This

i s  followed by Chapter 3.0 where we analyze and in te rp re t  th e  Robinson-

Trautman (RT) type I I  m etrics  " and th e i r  charged c o u n te rp a rts , namely,
op

th e  Robinson-Trautman-Maxwell (RTM) m e tric s . Here we show th a t  th e se

two s p e c ia l c la sse s  of so lu tio n s  lead  to  equations o f motion fo r  " free

s in g u la r i t i e s "  ( i . e .  s in g u la r i t ie s  no t in te ra c t in g  w ith  incoming f i e l d s ) ,

w ith  th e  unexpected appearance o f th e  Abraham ra d ia tio n  re a c tio n  term  in  
32th e  charged case. In  Chapter 4.0 we then  couple these  RT-type 

s in g u la r i t i e s  to  incoming f ie ld s  in  a g en era l empty space (R^v = 0) and 

d iscu ss  th e  re s u l t in g  equations fo r  th e  motion and s tru c tu re  o f s in g u la r i t ie s  

In  Chapter 5.0 we give th e  d e r iv a tio n  o f  equations o f motion in  th e  E in s te in -  

Maxwell theory  and show th a t  in  th e  l in e a r  approxim ation theBe equations 

reduce to  th e  Lorentz-D irac equation , F in a l ly ,  a  summary o f  th e  work i s  

given in  Chapter 6 .0 .
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2;0.. GENERAL FORMALISM

2 .1 . The Spin C o e ffic ie n t Formalism

We give here a  summary o f  th e  Newman-Penrose (HP) sp in  c o e ff ic ie n t
33fo rm ulation  o f g enera l r e l a t i v i t y .  In to  a  four-dim ensional Riemannian 

space a  s e t  o f four n u l l  v ec to rs  U w, nP, mW, mp) I s  in troduced  such th a t  

th e  r e a l  v e c to rs , A*'1 and , to g e th e r w ith  m11 and i t s  complex conjugate 

form a  n u l l  te t r a d  system , w ith  th e  orthonorm ality  p ro p e rtie s

"  " V y * 1 »

Â Â  » m^m̂  ■ m̂ m*1 * nyn,J ■ 0 (2 .1 )

. u . -u u -u
Â m ■ Â m * n^® n,jm c 0

and th e  completeness r e la t io n

s'"  -  t V  .  n V  -  -  S V  (2.2)

The complex n u ll  v e c to r  siw can be defined  from a p a i r  o f  r e a l ,  o rthogonal, 

sp ace lik e  u n it  v ec to rs  b w and cw by mw = —(bw+ lc ^ ) .
Si

Now, as mentioned in  th e  In tro d u c tio n , the curvatu re  o f space­

tim e i s  rep resen ted  by th e  Riemann te n so r  R _ which i s  defined  throughyvpe
th e  R icci identity*^

A r ,» J awR (2 .3 )vjlpo] 2 yvpe

fo r  any v ec to r A^, w ith  th e  b rack e ts  denoting an tisym m etriza tion . This
7

te n so r  has th e  fo llow ing a lg e b ra ic  symmetries

R B Rr ip i* R , R r i B 0 
jivpo l u v J l p o J  p apv ’ u l v p o j

9
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and s a t i s f i e s  th e  so -c a lle d  Bianchi id e n t i t ie s

V u e * ]  -  °

The Weyl (conformal cu rvatu re) te n so r  C , vhich w i l l  be our basicpvpo’
f i e l d  v a r ia b le ,  i s  defined  as

Cpvpo * Rpvpo + 2 ^®ppRva “ ®paRvp + ®voRpp

(2.5)

- S v o V  + I  -  S u n O -

where R h R ‘ is  th e  R icci te n so r  and R = R° i s  th e  s c a la r  cu rva tu re ,pv pav a

The l a t t e r  two q u a n t i t ie s ,  o f co u rse , sure r e la te d  to  the  m atter te n so r T.(JV 

by means o f th e  E in ste in  f i e ld  equations given in  the  In tro d u c tio n , namely,

R _ I g  r = -htrkT (1 .2 )
pv 2 “ pv pv

The id ea  now i s  to  re w rite  th e  R icci id e n ti ty  (app lied  to  each o f 

th e  te t r a d  v ec to rs)  and th e  BianChi id e n t i t i e s  as s c a la r  equations by 

tak in g  ap p ro p ria te  l in e a r  combinations o f t h e i r  s c a la r  products w ith the  

te t r a d  v e c to rs . The re s u lt in g  s e t  o f equations w il l  be expressed in  terms 

o f th e  f iv e  complex te t r a d  components o f  th e  Weyl te n so r defined  as

*0 s  - Cpvpo *WmVma ’

' l  = - Cp v p o " "  •

, -  “ M vnP 0 (2 .6 )
*2 "  pvpo111 Q 1 “  •

♦, -  -c S V jV ,r 3 pvpo *
_ -p  v-p ail», = -C m n m n ;pvpo ’
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th e  s c a l a r  c u rv a tu re  p lu s  th e  t e t r a d  com ponents o f  th e  R ic c i te n s o r  

d e f in e d  as

d> _ i  p o^ov j. — 1. p jh-V
00 " 2 Ryv~ ~ » *10 2 yv *

*01 •  -  I  *02 ■ -  I  R„vm'V  •

*20 * -  I  V 5 V  *21 * -  I  (2 ' T>

A = 1  R V A e  I pa , = -  tt k n m o__ = -  r  n n nT12 2 yv Y22 2 yv

♦ l l  = “ i Ryv ( A V  + mMSV)»

and th e  tw e lv e  s p in  c o e f f i c i e n t s  d e f in e d  as

y„v -y  vtc = Z m Z . v = - n  n rn  ,y ;v  . » y ;v

„ y -v  _ -y  vp = Z mm » y = - n  mm ,K y ;v  . y ;v  *

y v , -y —va = Z m m X = - n  m m ,yyv m ;v

I mMnV , v = -n  iy ; v * y;v

a = ^  {Z n^mv -  m mwmv ) ,2 y;v y;v *

8 = h  U  n Mm v - m  m ,im v ) ,2 y;v y;v *
1 /„ y v -y v N
2  <V,v” » -  ^ . / n  ) ,

1  U  n V  - m  S V )  .2 y;v y;v

Y =

e =

(2 . 8 )

We s h a l l  h e  i n t e r e s t e d  h e re  n o t o n ly  in  th e  emply sp ace  e q u a t io n s ,  R^v = 0 

(o r  R -  $ -  0 ;  mn ■ 0 , 1 , 2 )  b u t  a l s o  i n  th e  E in ste in -M ax w e ll e q u a tio n s

g iv e n  in  th e  I n t r o d u c t io n ,  The s o u r c e - f r e e  M axwell e q u a tio n s  can be  

r e w r i t t e n  in  te rm s o f  th e  s p in  c o e f f i c i e n t s  and th e  th r e e  complex t e t r a d
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components o f  th e  M axwell te n s o r  d e f in e d  as

*0 ■ Fmv*V  •

^  \  F U Mn v + mwmv ) ,  (2 .9 )yv

=y v
*2 " Fyvm  n •

and th e  r e l a t i o n  G^v = -UirkE can  he e x p re sse d  as

** k d> d> an m  n (m,n * 0,1,2), (2,10)

B efo re  w r i t in g  down th e  s p in  c o e f f i c i e n t  e q u a t io n s ,  we s h a l l  f i r s t  

choose a  s u i t a b le  c o o rd in a te  sy stem . S ince  ou r approach  t o  th e  prob lem

o f  m otion  w i l l  b e  b a se d  on th e  s t r u c t u r e  o f  th e  n u l l  cones em anating  from

35a  s in g u la r  w orld  l i n e  in  s p a c e - t im e , we in tro d u c e  n u l l  c o o rd in a te s  

x° = u ,  x 1 = r ,  and xA(A = 2 ,3 )  such  t h a t  u  i s  a  " r e ta rd e d  tim e"  

p a ra m e te r  la b e l in g  a  fa m ily  o f  o u tg o in g  n u l l  h y p e r s u r fa c e s ,  r/v'eT" i s  

a  s ta n d a rd  a f f in e  p a ra m e te r  f o r  each  o f  th e  n u l l  g e o d e s ic s  ly in g  on th e  

n u l l  h y p e rsu rfa c e s  u  = c o n s t ,  and xA a r e  "a n g u la r"  c o o rd in a te s  la b e l in g  

th e  n u l l  g e o d e s ic s . In  t h i s  n u l l  c o o rd in a te  system  we l e t  2.  ̂ b e  ta n g e n t 

t o  th e  n u l l  g eo d es ic s  as  w e l l  as  norm al t o  th e  h y p e rs u r fa c e s  ( i^  = dxw/ d r ,

= < W 8 x y ), and p a r a l l e l l y  p ro p a g a te  th e  r e s t  o f  th e  t e t r a d  sy stem  a lo n g

35£**. T h is le a d s  t o  th e  fo llo w in g  form  f o r  th e  t e t r a d  v e c to rs

* - .  t 11 - « “ ", m" = + e V  .y y * 1 * ' 1 A *
( 2 , l i )

n W * + U6^ + , A =-• 2 ,3  .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

and th e  fo llow ing cond itions on th e  sp in  c o e f f ic ie n ts  

K « e » i r » 0 ,  p = p , t => a, + 6 (2 . 1 2 )

Using th e  completeness r e la t io n  (2 .2 ) ,  ve then  o b ta in  th e  follow ing form 

fo r  th e  co n tra v a rian t m etric  te n so r

where

0 1 0

11 121 g g
120 g AB

g
0

V*.
s13

11g ■ 2(U -  cow ) ,  

g14 .  X* -  (5Aw + ml*) ,

(2.13a)

(2.13b)

-  - (5 A1B + l V ) '  , A = 2 ,3 .

With th i s  choice o f  coord inates and t e t r a d ,  th e  two sp in  c o e f f ic ie n ts  p

and o , which w i l l  p lay  a  s ig n if ic a n t  ro le  in  our approach to  equations of
33m otion, can be re la te d  t.o th e  divergence and complex sh e a r , re sp e c tiv e ly , 

o f  th e  n u l l  g eo desics, th a t  i s ,

0 - - h ,
2 (2 .lit)
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At th i s  p o in t th e  n u ll  hypersurfaces a re  s t i l l  a rb i t r a ry ,  bu t l a t e r  they  

w i l l  be made d e f in i te  by th e  im position  o f c e r ta in  conditions on p and

o. (See Section  2.U ).

D efining th e  in t r in s ic  d e r iv a tiv e s  D, 6, 5 , and A ac tin g  on a 

s c a la r  $ by

♦ V ** = i t
3r  ’

<5$ =
*y

.  „ f i . A 81 
4 A ’ 3x

$4> s A; m*1
y ■ “  t o *

A 3i  
* A 3x

A* = 9 > n y = u I f *
3i + ^  3i
3u . A 9x

we can now w rite  down th e  HP sp in  c o e f f ic ie n t  equations fo r  th e  E in s te in -  
1+0Maxwell theo ry .

I .  M etric Equations:

D5A -
-A 

p5 + o lk  , (2 .l6 a )

Du = pu + <JU -  T, (2 . 16b)

D ^  = T? + t5A , (2 . 16c)

DU «= TU + TU -  (y + y) , (2 .l6 d )

6 ^ -  asa = (p+y- y)5A + H A , (2.1Ta)

«IA -  SsA * (P-o)cA + (S-B)5A (2.17b)

6u -  Tm ■ (8-o)u + (5 -e)u  + (v -y ), (2.17c)

6U -  Au = ( ii+Y~y)<*> + Xu -  v . (2.17d)
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II. Field Equations:

Dp ■ p2 + 00 + **050 . ( 2 , l8 a )

Do ■ 2po + iI>q , (2 .1 8 b )

Do ■ op + Bo + , ( 2 . 18c)

DB *» Bp + ao + ^ ( 2 . l8 d )

Dt ■ xp + to +  ̂ + k f y ^  » ( 2 , l8 e )

Dy * to  + tB + <li2 *  » ( 2 . l 8 f )

DX ■ Xp + po + k$2? Q ’ ( 2 . l8 g )

Dp * pp + Xo + t|>2 , (2 . l8 h )

Dv ■ tX + "p + tjij + k$2$l f ( 2 . l 8 i )

AX -  Jv m 2ov + (y-3y-W ~p)X -^  , (2 .1 9 a )

6p -  ?o ■ xp + (8 -3 o )o  -  ^  + , (2 .1 9 b )

6a -  ?8 * PP -  Xo -  2aB + aa + 80 -  ^  + k^ i * ' (2 .1 9 c )

6X -  6p ■ xp + (a-36)X  -> ^  + ^^2^1 ’ (2 .1 9 d )

^ 2
6v -  Ap ■ YV -  2vB + YV + V + XT + k$2<i>2 , (2 .1 9 e )

6y -  AB ■ xp -  ov + ( p- y+y )B + To + k ^ 2 , ( 2 .1 9 f )

6t -  Ac »  2 tB + ( y+p- 3 y )g + Tp + kij>0? 2 , ( 2 , 1 9 g )

Ap -  ? t  ■ (y+Y-5)p " 2®t  ". “  $2 ' (2 .1 9 h )

Ao -  3y -  pv -  tX -  XB + ( Y-Y->i)a -  if»3 (2 .1 9 1 )
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I I I . B ianchi id e n t i t ie s :

-  SiJiq * -  Ucu|/0 + k (* 1I>4>0 -  506l(,0^

+ 2k(?Q*0B - , (2.20a)

Dij»2 -  »  3pi|>2 -  2 0 ^  -  X\|)Q + k C i^ Q  -  i QA<{i0 )

+ 2k($0<f>0Y -  ^ qO -  ^ f j T  + f j ^ p ) ,

D*3 -  S<l>2 = 2p^3 “ 2X,|;1 + k ^ i i)<(,2 “ ^ 0 ^ 2  ^

+ 2k(<£g(|>̂ y -  $0(j)23 ),

D<|̂  -  6t|i3 = pi|/  ̂ + 2a^3 -  3X<J<2 + k U jd ^ g  -  $0^2^

+ 2k(^0((>1v -  *i1*1A -  ^ 04>2Y + 5

A!|>0 " ~ Ĉ Y—P)<̂q -  (1*t+ 2 0 ) ^  + 3ai>2

+k(i^6$0 -$2D((i0) + 2k($, <|>1a - 

A^i -  6iJj2 = (2Y-2y)^1 -  3 t* 2 + vi|i0 + 2aip̂

+ k (^ A tQ “ S2* V  + ^ ^ 2 * 0 °  + ^1*1T 

-  ♦2<fr1p ) 9

Aî 2 " 5^3 “ 2v^l “ 3u^2 ~ 2a<i'3 +
+ k (i16^2 -  $2D*2 ) + 2k( 5 ^ 8  -  i - ^ y ) ,

-  6 ^  = 3v\j>2 -  (2Y+Uy)\|)3 + (U p - t ) ^

+kQ>jA<t>2 - $2^2  ̂ + 2k^ 2 * lX + ̂ 1*2Y

-fjG-jV - i2^ a  ) (2.21d)

(2.  20b)

(2.20c)

(2.20d)

(2.21a)

(2.21b)

(2.21c)
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IV. Maxwell * a so u rc e -fre e  equations:

- 2p*1 -  2a<t>0 , (2.22a)

D#? - M’-L = P*2 -  *+0 , (2.22b)

1o< (2y-y - 2 1 ^  +■ l>2 » (2.23a)

- » v<j>Q - 2y*1 + (20 -T )<J>2 (2.23b)

To in te g ra te  th e se  eq u a tio n s , th e  q u a n tit ie s  iJig and 4>q, which 

are  re sp e c tiv e ly  th e  g ra v ita t io n a l  and electrom agnetic n u ll-d a ta  fo r  a 

n u l l  hypersurface u = const**0 , a re  sp e c if ie d  as a rb i t r a ry  (a n a ly tic )  functions 

o f r  on an i n i t i a l  n u ll  hypersurface . The in te g ra tio n  o f th e  " ra d ia l"  

equations (2 . 16 ) ,  (2 . 1 8 ) ,  (2 .2 0 ) , and (2 .22) then  y ie ld s  th e  r  dependence

o f a l l  th e  o th e r v a r ia b le s ,  w ith  "co n stan ts” o f  in te g ra tio n  which are  in
2 3gen era l functions o f th e  o th e r  th re e  coord ina tes u ,  x , x . From th e  "non- 

ra d ia l"  equations (2 .17) and (2 .1 9 ) , re la tio n s h ip s  between th e se  in te g ra tio n  

"constan ts"  a re  ob ta ined . The remaining equations (2 .2 l)  and (2.23) 

determ ine th e  propagation  o f th e  components o f th e  Weyl and Maxwell ten so rs  

o f f  th e  i n i t i a l  n u l l  h y p ersu rface . The an a ly sis  o f  th e  re s u l t in g  expressions 

can be g re a tly  s im p lif ie d  by th e  in tro d u c tio n  o f a d i f f e r e n t ia l  opera to r -S’, 

c a l le d  "ed th" . I t  w i l l  th e re fo re  be u se fu l to  g ive  a b r i e f  d iscussion  of 

th i s  o p era to r and th e  re la te d  c la ss  o f genera lized  sp h e r ic a l functions c a lle d  

sp in -s  sp h e ric a l harmonics.
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2 .2 .  $  and S p in -s  S p h e r ic a l  Harmonics

C onsider a  r o t a t i o n  o f  th e  s p a c e l ik e  v e c to rs  Re(m*1) and 

Im(mv ) in  t h e i r  p la n e  g iv e n  by

m11 * e^Xm  ̂ , (x i s  r e a l ) . (2.2U)

We d e f in e  a  q u a n t i ty  n t o  be  o f  s p in  w e ig h t s  i f  i t  tra n s fo rm s  under 

(2 .2U ) as

_ 1 _ J- sx n = e n (s  = i n t e g r a l ,  i n  g e n e ra l)  (2 . 2 5 )

An exam ple o f  such a  q u a n t i ty  i s  A _ m ^ ^ .m 08 ,- w here A^aj....os ’ ai...as
i s  any c o v a r ia n t  te n s o r  o f  ra n k  s .  T h is co n cep t o f  s p in  w e ig h t a p p l ie s  

t o  fu n c tio n s  on any tw o -d im en sio n a l a b s t r a c t  s u r fa c e  h av in g  a  

R iem annian s t r u c t u r e ,  w ith  Re(m^) and Im(mV) re g a rd e d  as o r th o g o n a l ta n g e n t 

v e c to r s  a t  each  p o in t  o f  th e  s u r f a c e .  From th e  d e f in i t i o n s  (2 .6 )  and 

(2 .9 )  we see  t h a t  th e  t e t r a d  com ponents o f  th e  Weyl and Maxwell te n s o r s  have 

th e  fo llo w in g  s p in  w e ig h ts :

q u a n t i ty

+2 *0

+1 *1* *0

0 ■*2» ♦1

-1 *3 »*2

-2

( 2 . 2 6 )
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How l e t  th e  tw o-dim ensional su rface  have th e  l in e  element

dq2 = - - d C d l  , P ■ P(C,C).  (2.2T)P2

and choose Re(m.W ' and Im (mV) to  he ta n g e n tia l ,  re s p e c tiv e ly , to  th e

curves Im(c) ■ const and Re(c) = co n st. We define  th e  o p e ra to rs , S'

and •§", a c tin g  on a  q u an tity  n o f sp in  weight s by

•Tn “ 2V1' 8 ~  (P% ) (2.28a)

and

= 2P1+S | s - (p"Sn ), (2.28b)

The fundamental p roperty  o f V i s  i t s  invariance  (with sp in  weight + l )  

w ith  re sp e c t to  coord inate  transfo rm ations th a t  p reserve th e  m etric  (2 .2 7 ). 

Another im portant p roperty  i s  th a t  o f  r a is in g  and low ering sp in  w eights 

by u n ity  under th e  transfo rm ation  (2.2U ), i . e .

(tfn)' s «rv = ei(s+1,xafn , (2.29)

(9 n )' s f ' n ' -  e i ( s " l )x 5h ,

We a lso  have th e  commutation re la t io n

(ftr -  « f)n  ■ 2snK , (2 . 30 )

where K = 0®*log  P i s  the  Gaussian curvatu re o f  th e  2 -su rface . The

opera to r tT i s  e f fe c t iv e ly  a co varian t d i f f e r e n t ia t io n  o pera to r on th e  

su rfa c e .
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I f  th e  su rface  i s  taken to  be th e  u n it  sphere (K = l )  w ith 

p o la r  coord inates (6 ,$ ) ,  a  n a tu ra l choice fo r  mu i s  to  make Re (m^) and 

Im (mp ) ta n g e n tia l ,  r e s p e c tiv e ly , to  th e  curves <|> «= const and 0= co n st. 

The o pera to rs  'tf and f  a re  then  defined  by

(2.31)
*fn «* -(sine)8 ( f^ + ^  ) {(sin0)”8n}»

?n -  -  ( a i n e r 8 ( fe  -  5Tn0 l ? ){ > *

By using  complex ste reo g rap h ic  coord inates ? , r e la te d  to  (9 »tf>) by

C » e*^ co t , (2 .32)

we can p u t th e  m etric  o f th e  sphere in to  th e  form (2,27) and define  

and t f a s  in  (2 . 2 8 ) ,  w ith

P -  |  (1 + « )  . (2.33)

We now in troduce a  c la ss  o f gen era lized  sp h e r ic a l functions 

through th e  ac tio n  o f V and & on o rd inary  sp h e ric a l harm onics,

(-a  * m ;£ a , a «* 0 , 1 , 2 , . . . ) .  The sp in  s sp h e r ic a l harmonics gY£m 

( fo r  in te g ra l  s )  a re  defined  by

$ £ § } ;  . Os .  S t .

sY£m = 1 ,-------- (2.3*0
/ ( £ - s ) ! ( xSjpS

P m s t i  (- ) r

w ith  _Y„ i Y ,  . The Y. (which a re  not defined  fo r  |s |> a )  have th e  0 £m am s £m
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fo llow ing  p ro p e r tie s :

a5*. ■ • (2'3* >

-  ■ 'U -aK M a-U  s t l Ytm (2.35b)

-  « sYt o ) .  . (2 .35c)

-  -U -s)U + s+ l) g Y^ . (2.35CL)

The l a s t  equation  shows th a t  th e  gY ^ a re  e igenfunctions o f w ith  

eigenvalue -  (£ - s ) (£.+s+l) . In  a d d itio n , th e se  spin-w eighted functions 

form a  com plete, orthonorm al s e t o f functions on th e  sphere fo r  each s ,

i . e . ,

00 +1
£ By e , * )  aYAm(0 , ,* , )= «(♦-♦*) 6 (cose-cose'), (2. 36a) 

I - IsI m= -£

=*im a1*'!!' 50 -  5u ' sm»' ’ (2'36l>)

where dfl = sin0d0d$. Hence, i f  n(B ,^) i s  a fu n c tio n  which has sp in  

w eight s and i s  su ita b ly  re g u la r  on th e  sphere , th e re  e x is t  constan ts  

such th a t  n can be expressed as

“  l  V  a W 6 '* 1 ’ (2 ' 37)
£,m

P u ttin g  i t  another way, given any su ita b ly  re g u la r  n on th e  sphere , o f 

( in te g ra l)  sp in  weight s>0, th e re  e x is ts  £ o f sp in  weight zero  such th a t

*®£ (2 . 38)
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This r e s u l t  enables us to  define  th e  " e le c tr ic "  and "magnetic" p a r ts  

o f  n by

n « fl*ReU) , n “ Im U) (2.39)e m

and w rite  n as

n = n + n . (2.1+0)e m

Due to  th e  invariance  p ro p e rtie s  o f  tf, the  s p l i t t i n g  (2.1+0) i s  

in v a ria n t under ro ta t io n s  o f th e  sphere. For s < 0 the  corresponding 

r e s u l t s  a re  obta ined  by rep la c in g  9  by 9  and s by - s  in  (2 .38) and (2 .39).

2 .3 . A S pec ia l F la t Space N ull Coordinate System

In our p o in t o f view a  p a r t i c le  i s  to  be rep resen ted  by a s in g u la r ,

tim e lik e  world l in e  in  space-tim e. To see how th i s  d e sc r ip tio n  can be

given a  geom etric in v a rian ce , i t  i s  e s s e n t ia l  fo r  in te rp re t iv e  reasons

to  consider f i r s t  an a l te rn a t iv e  d e sc rip tio n  o f an a rb i t r a ry  tim e lik e

w orld l in e  in  f l a t  space , which is  based on th e  fam ily o f  l ig h t  cones

35emanating from th e  l in e .

Let th e  param etric  form o f an a rb i t r a ry  tim e lik e  w orld l in e  in  

Minkowski coord ina tes (yp ) be given by yy = ?w(u) and consider the 

tran sfo rm atio n  from yW to  n u l l  coord ina tes xp = (u , r , x 2 ,x^) given by

yw = CM(u) + r i y (u ,xA) , A = 2 , 3 , (2 .U1 )
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where x° = u i s  a  measure o f proper tim e on th e  w orld l in e  and a lso  la b e ls  

th e  l ig h t  cones, x* = r  i s  an a f f in e  param eter fo r  each n u ll  geodesic

on th e  cones as w e ll as a  measure o f r a d ia l  d is ta n ce  fo r  th e  sphere a t  each
2 3

u « c o n s t, x , x a re  "angular coo rd ina tes"  which can be re la te d  to  the
2 3 ucomplex ste reo g rap h ic  coord inates by C = x + ix  , and S. i s  a  n u ll

v ec to r f i e ld  which sweeps out th e  d ire c tio n s  o f th e  f u l l  cone a t  each
A uu as x vary . Since I i s  n u ll  i t  must s a t i s f y  th e  cond itions

. = 0 , ( 2 . 1*2 )Vi p p ,A  ’

where a dot denotes 3/3u . In a d d itio n  we re q u ire  the  v e lo c ity  v ec to r 
»

o f th e  w orld l in e  to  s a t i s fy  th e  no rm aliza tions*

Zvl v = 1 , = 2 . (2.1*3)

To sp ec ify  how n u ll  d ire c tio n s  a re  to  be propagated as u v a r ie s ,  we 

s e t

= |£- , b W = bU(xA) , Pq = Pq(u , xA ) (2,1*1*)
o

and then  d i f f e r e n t ia te  S.w w ith  re sp ec t to  u. This y ie ld s  th e  propagation  

law

SLP (2<>45)
Po

which simplv expresses th e  p a r a l le l  t r a n s f e r  o f th e  d ire c tio n  o f

*  — /The 2 im plies th a t  u i s  v'c /2  tim es th e  proper tim e, a  choice of
norm aliza tion  adopte.d to  make th e  l in e  elem ent agree w ith  E.T. Newman 
and R. Penrose, Proc. Rpy. Soc (London) A305, 175 '1968).
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Note th a t  from (2.1+3)-(2.1+5) we get

P -  by5 (2.1+6a)o y

and

P • •

p2  ■ -  (2.1+6b)
o

The m etric  te n so r in  th e  new coordinates (xw) can now be

ca lc u la te d  from (2.1+1) and th e  transfo rm ation  law

_ 3 ^  3 ^  . 
gyv “ Sx*1 3xv n°B*

where nog is  th e  usual Minkowski m etric  na g = diag ( 1 ,- 1 , - l , - l ) . With

th e  help  o f  (2.1+2)-(2.1*6), we o b ta in

gp l 3 5 ° • eo o = 2 ( l - r )
Pn

-  r -  1-2
goA ’ SAB 2

0
Q (2.1+7)
SAB *

where

%m m -g&a .A = - 2 b a >Aba,B . (2 ,U8a)
P 2 o

Since Pq and by were defined  in  (2.1+1+) only up to  an a rb i t r a ry  u - 

independent f a c to r ,  we can choose th i s  fa c to r  such th a t

b'V «,B  ■ -  ‘- f  ■ M 9 )
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I t  can e a s i l y  be  checked t h a t  a  s o lu t io n  o f  t h i s  e q u a tio n  i s

3a  = ^  (1  +CC, 1-SC, C+C , ) ,  ? <= x2+ ix 3 (2 .5 0 )

S u b s t i t u t in g  (2.1*9) i n to  (2.1*8a), we o b ta in

SAB (2 ' 1,8b)*o

The f l a t  space  l i n e  elem ent in  th e  x ^ -c o o rd in a te s  can  now be w r i t t e n  

as 2
d s2 * 2 (1  -  ! o r ) d u 2 + 2dudr -  § -  (2> 5 l)

T h e re fo re ,  g iv en  th e  v e lo c i ty  and a c c e le r a t io n  ^  o f  th e  w o rld  l i n e ,  

one can c o n s tru c t  u n iq u e ly  from  (2.1*6) and  (2 . 5 0 ) th e  l i n e  e lem en t (2 .5 1 ) ;  

c o n v e rs e ly , g iv en  th e  l i n e  elem ent ( 2 .5 l )  o r  i n  p a r t i c u l a r  Pq ( u ,C ,c ) ,  

one can d e te rm in e  a l l  th e  p r o p e r t i e s  o f  th e  w o rld  l i n e .  In  th e  s t a t i c  

c a se  when th e  w orld  l i n e  i s  s t r a i g h t » € = 0  and 5 = / ?  w ith

Po = (l+ S C ), and th e  2 - s u r f a c e s ,  u  and  r  c o n s ta n t ,  a r e  o rd in a ry  sp h e re s

w ith  r / / 2 ~  m easuring  r a d i a l  d is ta n c e .  In  th e  g e n e ra l  c a s e ,  on th e  o th e r  

h an d , th e  axes o f  th e  sp h ere  a t  each  u = c o n s t ,  r  = c o n s t a re  comoving

w ith  th e  a r b i t r a r y  t im e l ik e  w o rld  l i n e .

P 32S e v e ra l u s e f u l  p ro p e r t ie s  o f  _ ° L w il l  now b e  d e r iv e d . F i r s t ,
P0

we choose th e  s e t  o f  fo u r l i n e a r ly  in d ep en d en t v e c to rs  ( 1 ^ , ^  }j\_)

as  a  b a s i s  f o r  Minkowski sp ace  such  t h a t  any M inkowskian te n s o r  can  be 

e x p re s se d  in  te rm s o f  th e s e  v e c to r s .  I n  p a r t i c u l a r  we can w r i te  n^v
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as

n = Z 5  + 5 1  - 2 Z Z  + 2 * ^  jl .1 (2.52a)yv vi v u v y v 6 y,A v ,B ’

°AB 2 ABwhere g = + P 6 . We a lso  have th e  expression

= — a (E^-22^) + r C Jl̂ 1 (2 53)’AB 2 ®AB ' AB *C ’

Op n ®CD 0 O O
where r A B =  2 s ^®AD,B + ®BD,A ~ ®AB,D^* MUtiplying (2 53) by
°AB .g we get

4u-a*u ).  (2 .54a)

which can be w r itte n  as

I* P2 = _ 2 { Z V  -  |  5P) (2.55b)
c 3C3C 2

D efining th e  sp in-w eight zero v ec to r aU by

aU h U u -  |  ?v ) (2 .56)

_ #
we may re w rite  (2.55b) in  term s o f  ff and -S' aso o

•ff ?  aw = -2ap . (2 .57)o o

*
The su b sc r ip t o in  ^  means th a t  th e se  o p e ra to rs  a re  to  be

defined  in  term s o f  P .  For spin-w eight zero q u a n t i t i te s  y ,  <{f y  =  k p2 82y o * H c oA
°  3C3C ‘
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Comparing th i s  v i t h  th e  eigenvalue equation  (2.35d) fo r  s = 0 , ve 

see th a t  a*1 i s  an i  = 1 q u an tity . Moreover, av i s  a  u n i t ,  r a d ia l ,  

sp ace lik e  v ec to r orthogonal to  i . e .

a^a*1 = - 1 ,  ap?M = 0 (2 .58)

We s h a l l  c a l l  an t= l  p ro je c tio n  o p era to r because by tak in g  th e  

s c a la r  product o f  (2 .57) w ith any vec to r a ttach ed  to  th e  world l in e  we 

can p ro je c t th a t  p a r t  o f the  v ec to r which i s  orthogonal to  th e  world 

l in e  in to  an £=1 sp h e ric a l harm onic. In p a r t i c u la r ,  s ince

i* ?  -  , (2 .59)
o

we f in d  from (2 .57) th a t

V o  5 s  . - 2  5 a  (2 -6o!
o o

thus showing th a t  P0/PQ i s  an 2, = 1 s p h e r ic a l harmonic. This r e s u l t

a lso  follow s from the  f a c t  th a t  th e  Gaussian cu rvatu re  K o f  th e  2 -su rfaceo
o

defined  by g (e s s e n tia l ly  th e  u n it  sphere) i s  given by 
A d

K = *  log  P = 1 ,  (2 .61)
o  o  o  °  o  *

—  2 ^ —where = U Pq 9 / .  By d if f e r e n t ia t in g  th i s  equation w ith

re sp e c t to  u ,  we o b ta in  (2 . 60 ). ( I t  i s  p o ss ib le  to  co n stru c t out o f  a11 

p ro je c tio n  oj 

only in  a U. )

In
p ro je c tio n  opera to rs  fo r  any t-v a lu e  , b u t we s h a l l  be in te re s te d  here
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In terms of a^1 the expression (2.52a) for n can be rewritten

uv ~  £ 5 -  a a -  |  a 8 a + :S a ?  a ),  (2.52b)2 y V y v 2 o y 0 v o tf o y *

and when this is multiplied with f,'1̂  the following relation is obtained

P„ P ° ~ ^ _
p ’ ' do y~ = " o o

■ P .\?  - i2

I ? 1 + f~i o '

(2 .6 2)

Applying S' i to (P /P ) we then find, with the heir., of .2.60) and *r i * ° o o  o o
. 6 2), that

u o
f /

+ r (2 .63)

By comparison of (2 .6 3 ) with (2,35<i) for s = 0, we therefore conclude

that [(p /P.,)' + i 2/ 6 ] is an 1-2 spherical harmonic. Differentiating0 0
(2 .6 0 ) with respect to u, one can also prove that

o o =  - 2
P 1 o

Lp°
(2 .6U;

which shows that lP0/PQ + C2/2] is an £= 1 spherical harmonic.

We will now show how alternative expressions for equations of 

mo o'or in Minkowski space can be given in terms of P /P0> First we 

noi •' from (2,59) that the maximum value of P /PQ on the sphere at each
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u i s  p ro p o rtio n a l to  th e  magnitude o f th e  a c c e le ra tio n , and th e

d ire c tio n  c in  which th i s  maximum occurs i s  th e  d ire c tio n  o f th e  max
a c c e le ra tio n , i . e . ,

f t ) -  I f  ■ i ' -  K .  ■
max

\ r o J  1 y
(2 .65)

"u5 ■ d ire c tio n  o f ?max

This follow s immediately from th e  f a c t  t h a t ,  s in ce  aW i s  a  u n it  r a d ia l

v e c to r  normal to  P„/P has i t s  maximum when aV i s  in  th e  d ire c tio n  v O O
o f T herefore , we cm  give a  unique statem ent o f equivalence between 

and P0 /PQ» w ritin g  th i s  as

5 <-----> y  (2 .66)
o

A s im ila r  statem ent can be made fo r  th a t  p a r t  o f th e  d e r iv a tiv e  o f th e  

a c c e le ra tio n  which i s  normal to  th e  v e lo c ity  v e c to r ,  namely

|  I 2?  *------> I s .  j*  . (2 .67)
* P 2o

This can be seen by no ting  th a t  th e  u -d e r iv a tiv e  o f (2.59) y ie ld s

o r in  term s o f a^

! < F  ♦ h *  £
j s  “ 2 “ P0 2
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Equations o f  motion in  Minkowski space can now be expressed 

in  an a l te rn a t iv e  way by means o f th e  equivalence sta tem en ts (2 . 66 ) 

and (2 . 67 ) ,  e . g . ,

(a) f r e e - p a r t ic le  o r geodesic motion:

- 0  • — *  - 0 • ‘ 2 - 6 8 i >
o

(b) motion w ith  th e  Abraham ra d ia tio n  reac tio n  fo rce* :

♦  * *  * > * * ? » £ .  • • § . * ( ' £  ♦ s i )  (2 . 66b)
o \  o /

(c) motion w ith  a  genera l fo rce :

1 a FP ^--------- ^  i  b ! o  = p ( u ,c ,c ) ,  (2 . 68c)
Po

where F = —  F^a i s  an i  = 1 sp h e ric a l harmonic.
J2~ P

A ctu a lly , th e se  equivalences apply as w e ll to  re g u la r  tim e lik e  

w orld l in e s  in  an a rb i t r a ry  Riemannian space, where a  s im ila r  coord inate 

system can be construc ted  a t  le a s t  lo c a lly .  The equations o f motion th a t  

we s h a l l  derive  l a t e r  w i l l  be e s s e n tia l ly  th e  g e n e ra liz a tio n s  to  curved 

space o f  th e  rig h t-h an d  s id e s  o f  (2 . 68 ) ,  and hence th e  above equivalences . 

w i l l  be u se fu l fo r  th e  in te rp re ta t io n  of our r e s u l t s .

*The J T  i s  due to  th e  f a c t  th a t  our u is  *^ /2 tim es th e  proper
tim e.
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An i n t e r e s t i n g  by-product, o f  t h i s  a l t e r n a t i v e  d e s c r ip t io n  o f

a c c e le r a t io n  i s  th e  p o s s i b i l i t y  o f  m easu ring  &0/? 0 (&ad hence th e

a c c e le r a t io n  o f  th e  w o rld  l i n e )  d i r e c t l y  by means o f  D oppler s h i f t
32

o b s e rv a tio n s  o f  l i g h t  em anating from th e  w o rld  l i n e .  C o nsider a

fa m ily  o f  g e o d e s ic  o b se rv e rs  co m p le te ly  su rro u n d in g  th e  w o rld  l i n e  and

l e t  t h e i r  v e lo c i ty  f i e l d  be  v ^ (x ,C ,£ ) ,  w here x i s  th e  p ro p e r  tim e a long

an o b se rv e r  t r a j e c t o r y  and ( ? ,? )  g iv e s  th e  a n g u la r  p o s i t i o n  o f  th e

o b s e rv e r .  The r a t i o  o f  so u rce  freq u en cy  f  t o  o b served  freq u en cy  fs o

i s  g iv e n  by

f  , I  l Us _ d r _ y_
f  du „yo v  £ v  £

D i f f e r e n t i a t i n g  t h i s  w ith  r e s p e c t  to  x , we g e t

J -  *  .  ( |L ^  |  ( .  , ' )  = - ( £ ) 2 ( v  r V + t  . V )
*'2 dx  ̂ f  J <iT 11 \ a u /  w’v

( d x \ 2 „ y v= - T ” I  V V  ,[ d u /  y ;v  »

w here th e  l a s t  e q u a l i ty  comes from th e  assum ption  t h a t  th e  o b s e rv e rs

a re  a l l  moving a lo n g  g e o d e s ic s  ( i . e . ,  V)J. VV'V B 0 ) .  Wow, in  th e  x̂  -

c o o r d in a te s ,  £ = 6 : h e n c e , 
’ y V

/ 2 ~  dx

/  f C

F
V o

£ ) 2 rC

j  h j  v y v _ dx dx
yv ‘ (iv du du

1 _ dxJ dxV_ o + _  r   d£  dC.
2 &y v , l  du du P 2P ^ du du

o
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Since d?/du measures angu lar v e lo c ity ,  i t  

observers a t  i n f i n i t y ,

^  ® =

2.U. Basic Assumptions

We now would l ik e  to  see  how th e  a3.t,ernative d e sc r ip tio n  o f  a 

tim e lik e  w orld l in e  in  f l a t  space given in  th e  previous se c tio n  could be 

gen era lized  to  a s in g u la r ,  tim e lik e  w orld l in e  in  an a rb i t r a ry  Hiemannian 

space. Since th e  f l a t  space d e sc rip tio n  was based on th e  n u l l  cones issu in g  

from th e  l i n e ,  th e  obvious th in g  to  do i s  to  make th e  a rb i t r a ry  n u l l  hyper­

su rfaces  in troduced  in  S ection  2 .1  behave l ik e  "cones" in  th e  neighborhood 

o f  th e  o r ig in  r  ■ 0 .

In  th e  n u ll  coo rd ina te  system and n u l l  t e t r a d  system adopted in  

S ection  2 .1 , each o f th e  n u l l  h y persu rfaces , u = co n s t, i s  generated by a 

congruence o f  n u l l  geodesics to  which i s  ta n g en t. Hence, th e  geometry 

o f  each n u l l  hypersurface can be com pletely ch a ra c te rized  by th e  sp in  

c o e f f ic ie n ts  p and o , given in  (2 . l i t ) , which determ ine th e  p ro p e rtie s  of 

th e  n u ll  geodesics. How, in  f l a t  space l ig h t  cones are  ch a ra c te rized  by

p = - 1 / r  and o » 0 . We a re  th e re fo re  le d  to  impose th e  follow ing
32r e s t r i c t i v e  cond ition  on th e  n u l l  hyp ersu rfaces , namely, th a t  near

*
r  = 0

P * - -■ + 0 (r),
(2 .70)

a = 0 ( r ) .

*The.order symbol used here  i s  defined  as fo llow s: f ( r ,u ,x A) = 0 [g ( r ) ]  
im plies | f ( r ,u , x  ) |<  g (r)F (u ,x ^ ) fo r  some fu n c tio n  F independent o f r  and 
fo r  a l l  sm all r .

behaves as 1 / r .  T herefore , fo r

^  (2.69)
o
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This i s  th e  cond ition  fo r  th e  n u ll  hypersurfaces to  behave l ik e  cones 

in  th e  neighborhood o f  r  = 0. Condition (2.70) a lso  f ix e s  th e  o r ig in  o f 

r .  When (2 .70) i s  s a t i s f i e d  and th e  Weyl te n so r i s  s in g u la r  a t  r  = 0 ,  

th e  s in g u la r i ty  s h a l l  be c a l le d  an elem entary s in g u la r i ty .

From co nd ition  (2 ,70)we can show (w ithout use of th e  f i e l d  equations) 

th a t  th e  tw o -su rfaces , u and r  constan t ( i . e . ,  th e  c ro s s -se c tio n  o f th e  cones), 

possess a  m etric  given by

The p roof (see Appendix A fo r  d e ta i l s )  c o n s is ts  in  f i r s t  no ting  th a t  from

r
gAB 2 gAB + CKrS , = BaB^u,xC ) ’

(2.13)

and then  re c a l l in g  th a t  s a t i s f i e s  (2 , l 6a ) ,  namely

3r
A

From th i s  i t  can be shown th a t

ABand, by tak in g  th e  in v e rse  o f g , th e  r e s u l t  ( 2 . 71 ) i s  ob ta ined . 

We defin e  th e  fundamental 2 -su rface  (F2S) m etric  by

o
(2.73)
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One can prove th a t  i f  th e  l in e  r  1 0 i s  a r e g u la r ,  t i a e l i k e  (n u ll ,

Bpacelike) line, then the F2S has a  positive (zero, negative) constant

Gaussian cu rva tu re .

The F2S can be rep resen ted  moat conveniently  in  conform ally f l a t
1*2coo rd ina tes . The coord inate  freedom to  re la b e l  th e  n u l l  geodesics 

enables us to  make th e  F2S m etric  conform ally f l a t ,  i . e .

°A"R ( rO A s O B  z O A .O B v  „  . .p
 + g g. ) s , p2 5 , (2 . 7IO

2

by choosing

?°2 -  iS° 3 = -P = -P (2 .75)

Thus th e  F2S l in e  element can be w r itte n  as

s  aw e  , (2 .76)

2 3 -where 5 = x + ix  . The q u an tity  P = P(u,C,C) w i l l  be our fundamental

v a r ia b le ;  as we s h a l l  see l a t e r ,  i t  c a r r ie s  a l l  inform ation  concerning th e

motion and in te rn a l  s tru c tu re  o f  s in g u la r i t i e s .

With th e  r e s t r ic t io n  (2 .70) which we have imposed on the  family o f

n u l l  hyp ersu rfaces , th e  only coord ina te  freedom th a t  remains i s  the  freedom
U2o f  renaming th e  n u ll  su rfa c e s , i . e .

u ' * f (u )  , r ’ = 7  , C = g(u»S) . (2.77)
f

*2
Thus th e  F2S i s  defined  up to  an a rb i t r a ry  fa c to r  f  . A conventional 

choice o f th i s  f a c to r  i s  to  make th e  su rface  a rea  o f  the  F2S co n stan t, i . e .
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Here, however, we s h a l l  make a  d if fe re n t choice o f  th i s  fa c to r .

We impose th e  im portant r e g u la r i ty  r e s t r i c t io n  th a t  P ■ PqH, 

where PQ i s  defined by (2 .U6&) and (2 .50) and H i s  a reg u la r function  on 

th e  sphere whose m etric  i s  PQ. The a rb i t r a ry  fa c to r  in  the  d e f in i t io n  o f

P can then  be used to  s e t  th e  I “ 0 p a r t  o f H equal to  one and to

in co rp o ra te  th e  I ■ 1 p a r t  in to  th e  d e f in i t io n  o f P . The l a t t e r  can be

done because any v a r ia tio n  in  P i s  such th a t  6P_/P_ i s  an I * 1 harmonic.o o o

This i s  seen by varying log PQ = 1 , which y ie ld s

6P SP
*o*o p- 2  = - 2 p"2-* 

o o

32
T herefore , th e  re g u la r i ty  cond ition  can be w r itte n  as

P = P ( l+ l)  (2 .f8 )o

where I  i s  expandable in  term s of I > 2 sp h e ric a l harmonics. This cond ition  

simply s ta te s  th a t  th e  F2S i s  a deformed sphere. (The a d d itio n a l cond ition  

I  > -1  should probably be imposed a lso  in  o rder to  keep th e  F2S a deformed 

sph ere ). We s h a l l  in te rp r e t  I  as in te rn a l  degrees o f freedom fo r  th e  

elem entary s in g u la r i t ie s .

When th e  w orld l in e  r  = 0 has an elem entary s in g u la r i ty ,  th e  f i e ld  

equations y ie ld  d i f f e r e n t ia l  equations fo r  PQ/P0 and I ,  which g iv e , re sp e c tiv e ly , 

th e  equations o f motion and th e  tim e development o f th e  in te rn a l  s tru c tu re .
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F in a l ly ,  we should p o in t out th a t  th e  method o f measuring PQ/P0
•*u

(and hence ? ) ,  which was d iscussed  a t  th e  end o f  S ection  2 .3 , would 

probably remain a p p licab le  to  th e  case o f a s in g u la r  tim e lik e  world l in e  

in  a  genera l curved space. However, i t  w i l l  no longer be P0/P Q “but ra th e r  

P/P which w i l l  be measured. In  a d d itio n , th e  frequency r a t i o  f a / f 0 = 

d x / /2 ”  du w i l l  no longer be th e  r a t i o  o f two p roper tim es bu t ra th e r  th e  

r a t i o  o f  a  p roper tim e to  our " re ta rd ed  tim e" u . Presumablyt u can 

be regarded as a p h y s ic a lly  s ig n if ic a n t  param eter which plays th e  ro le  of 

th e  proper tim e a t  th e  s in g u la r i ty .
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3.0. MOTION OP FREE SINGULARITIES

We s h a l l  new show how th e  a l te rn a t iv e  d e sc r ip tio n  o f  motion 

developed in  Chapter I I  can be ap p lied  when th e re  e x is t s  a  s in g u la r i ty  

in  th e  f i e ld .  In  p a r t i c u la r ,  we s h a l l  consider th e  sp e c ia l  case when 

co n d itio n  (2 . 7 0 ) becomes

p = -  — , o = 0  (3 .1 )r

This con d itio n  leads  uniquely to  th e  two c la sse s  o f  a lg e b ra ic a lly  s p e c ia l  

m e tric s  which we s h a l l  analyze in  Sections 3.1 and 3 .2 , namely, th e  

RobinBon-Trautman type I I  (RT) so lu tio n s  and th e i r  Einstein-M axw ell counter­

p a r t s ,  th e  Robinson-Trautman-Maxwell (RTM) s o lu tio n s . As we s h a l l  s e e , th e se  

so lu tio n s  a re  ch a ra c te rized  by th e  van ish ing  o f  th e  Q u an tities  i|»o and <t>Q 

which re p re se n t incoming g ra v ita t io n a l  and e lectrom agnetic  f i e l d s ,  

re sp e c t iv e ly . Hence th e  s in g u la r i t i e s  in  th e se  so lu tio n s  correspond to  

f r e e  s in g u la r i t i e s ,  i . e . ,  not in te ra c t in g  w ith  incoming background f ie ld s .

3 .1 . A nalysis o f  th e  Robinson-Trautman S o lu tions

The RT so lu tio n s  can be e a s i ly  ob ta ined  in  th e  NP form alism  by tak in g  

(3 .1 ) and in te g ra tin g  th e  equations ( 2 . l6 ) - ( 2 .2 l )  fo r  empty space (4^ = R * 0 ) o 

The in te g ra t io n ,  which i s  c a r r ie d  out in  R ef. 37, y ie ld s  th e  fo llow ing  

r e s u l t s :

37
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A. Spin c o e f f ic ie n ts :

a =  T = X = K = 7 r= e  = 0

1
r  ’ Y
0

p « - r

-0a

0 1 *2
Y - 2 2

.0 r  
2r

7 *

v ° -
r

where an 0 -su p e rsc rip t denotes r-independence.

B. M etric v a r ia b le s :

a) = = 0 ,

C. T etrad  components o f th e  Weyl ten so r:

*1 .

*3 "  _3
2 »r

♦? + ^3°

(3 .3 )

CA = -  I ? i .tAEI ■ p = p (3.U)
r

V = U ° - 2A - - * 2

r 3 (3 .5 )
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D. R ela tionsh ips among "constan ts" :

0 1 0 _ I Pa = - g p » Y 2 P 5

V° ■ + # 1 , U° ■ V° ■ -K ■ -fifS1 log P
(3 .6 )

*2 = . *3 •  *  • *£ "  |

•9̂ 2° “  0 » ^2 “ 3 ^  *2 “ 3

E. Components of the metric tensor:

g U °  «  6 u   ̂ g AB■ „  _  jA B  ^ (A > B  w  2 > 3 )

11 f  *0 ' C3"7)
g^1 = -2 (K - |  r  + ^2 ) .

r

Note that >3’ above is defined with respect to the P2S metric P, 
i.e., for any spin-s function n ve have

•Sn s 2P1"3 (Psn) .

By imposing the regularity condition P = PQ(l-s-l), ve can express #  in terms 
of the operator ■3’̂, which is defined with respect to the metric of the 
sphere PQ. This relationship is given by

tfn = U + I ^ qT) ♦ sntTgl, (3 .8a)

with

•ffn = ( i+ l ) * >  -  sn^n1 -
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Similarly, for a spin weight 0 function X we have

2
tffX = 3tfX = ( l+ l )2 tfrfTUX = UP 2( l+ l )2 U L  (3.9)

u u u d&Z,

Thus the Gaussian curvature K = log P of the P2S can "be written as

K = (l+l)2 ^ l o g  {PQ(1+I)}

and since ■̂q'̂’q log Pq = becomes

K = (l+l)2 + ( I + I ^ q I  - (3.10)

In all the work to follow we shall assume that all the tetrad variables 
have well-defined spin weights and are regular functions on the sphere, i.e., 
they are expandable in spin-s spherical harmonics In addition to the
spin weights (2.26) for the tetrad components of the Weyl and Maxwell tensors 
and the spin weight 0 for the functions of Pq and I, we assign the spin 
weight 1 to the quantity Z defined by

z .  i* 3> . (3.11)

Going back to (3.6) we find from = 0 (or = 0) that ^
is a pure i  = 0 quantity (see 2.35b), i.e. ^  = -M(u). As we shall see 
later, M is related to the "mass". With this result, the RT line element 
can be written as

2
ds2 = 2(K - ~  r - -)du2 + 2dudr - — _ d?d? (3.1 2)P r 2P2
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and all the tetrad variables can be expressed in terms of just the two 
basic quantities M and P which satisfy the differential equation

M - 3M |  = «SK (3.13)

It is this equation which will give us the time dependence of the "mass", 
the equations of motion, and the time development of the internal structure 

for the singularity. In the generalizations to a general 0 and to
the full Einstein-Maxwell theory, (3.13) will be modified by the addition of 
extra terms representing the interactions of the singularity with background 

fields.
If we now substitute P = Pq(1+I) into (3.13), we obtain

• •

M - 3 M ^ 0 - 3 M ^ L - = :  (i +i )2 ,

P0

where K is given by (3.10), Carrying out the differentiation of K, we 

then get

M -  3M £ o  _ 3M —  = (1+I)3(*rn̂ .tfnl + 23\J,.I)PQ (1+1) 0 0 0 0 0 0
(3.1U)

-  ( l+ l ) 2 *1  I - ^ I .

This equation can in principle (though not in practice due to its extreme 
non-linearity) be expanded in spherical harmonics such that the I = 0 

part gives the time dependence of M, the I = 1 part gives the the equation 
of motion in terms of the "acceleration" Pq/Pq of the form (2 .68c), and the 
I 3, 2 parts give the time dependence of the internal degrees of freedom I.
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In the particular case when I = 0,: we find that M = 0 and Pq/Pq 58 0 > 
i.e., the singularity is unaccelerated with constant mass. This static 
solution leads to the line element

2
ds2 - 2(1 - - )du2 + 2 dudr - — ■ dcdc (3.15)

2pg

which is just the Schwarzschild solution in null coordinates with M related
1 —to the Schwarzschild mass m by M= v2 k m  and with = —(l +C5).

So far no exact solution to (3.13) other than Schwarzschild has "been 

found which satisfies the regularity condition P = Pq (1+I). Here we shall 
go only as far as the linearization of (3.1^). Thus, taking Pq/Pq and P 
to be small quantities in (3.1*0, we obtain

M - 3M fo - 3Mi = («r0*0*0*0 + 2«f0-?0)l (3.16)
P0

Because of the linearity of (3.16), we can (without loss of generality) 
assume I to have a definite £ value, i.e., 'S'q&qP = -A(A+l)l. Eq. (3.16) 
then becomes

p
M - 3M -2. _ 3Mi = £(£+l) [£(£+1) - 2]I (3.1?)

*0

By differentiating S'q'̂qP = -JlU+l)l with respect to u and neglecting 
I(Pq/Pq) as second order, we see that '3'q^‘qP = -£(Jl+l)P. Hence, the 
decomposition of (3.IT) into different £ values yields
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1 = 0 :  M = 0 , i.e. M * /T k m (3 .1 8 a )

£ = 1: M P0 = 0 (3 .1 8 b )

£ 2 2 : I  » -  ~  £ ( £ + ! ) [ £ ( £ + ! ) -  2 ] I ,

u
or (3 .1 9 )

where IQ = IQ(c,s) is the value of I at u = 0 and the time constant uQ 

is given by

For the sun, with u measured in seconds and £ = 2, uQ is of the order of 

10” seconds.

and the internal degrees of freedom decay to zero very rapidly. It seems 

very likely that all solutions of (3.lH) decay towards the Schwarzschild 

solution, but we have no proof of this conjecture.

We conclude our analysis of the RT solutions with a discussion of 

the concept of mass. There seems to be at least four candidates for the 

title,"mass,"all involving M times some function of u. In each case the 

function is such that all the different "masses" reduce to the Schwarzschild 

mass m in the static case:

2
[ £ ( £ +1) -  2] £ ( £+1 ) ( 3 . 20 )

6 S T 3m

Therefore, to first order, M is conserved, there is no acceleration,

If we let the area of the F2S be

A(u)
2 3dx dxo »
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39th e n  fo u r  p o s s ib le  d e f in i t i o n s  o f  mass a re  :

U )  mn = — — -  p (3 .2 1 a )
0 16 / 2 " kn

w hich ap p e a rs  to  be a  good c a n d id a te  f o r  th e  n e u t r a l  i n e r t i a l  mass o f  

th e  s in g u la r i t y  due to  i t s  app ea ran ce  in  th e  ponderom otive la v  (se e  

S e c tio n  3 .2 ) ;

(2 )  m_ = -----—  1 # 0  +?c) a A x 3 . (3 .2 1 b )
B W T t a t  t — - 1 ----

P3

H3w hich ap p ea rs  to  be e q u iv a le n t t o  th e  Bondi mass s in c e  i t  has th e  p ro p e r ty

thet TOg < 0;

. ..  3 /2
(3 i m = -----— ----- T 'o  (3 .2 1 c )

c /Z  k(^ir)

which s a t i s f i e s  th e  c o n s e rv a tio n  law = 0 ( v a l id  f o r  th e  Bf s o lu t io n s ) ;  

and

(U) m = — !—----  , (3 . 2 Id )
e k ^ 2 ~  kir

which a c tu a l ly  has n o th in g  to  recommend i t  o th e r  th an  i t s  analogy  w ith  

th e  d e f i n i t i o n  o f  charge ( s e e  S e c tio n  3 .2 ) .

The p ro o f  o f  th e  c o n s e rv a t-.:or; la v  mc = 0 i s  s t r a ig h tfo rw a rd .

D i f f e r e n t i a t i o n  o f  (3 .2 1 c )  y ie ld s
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*1/2

^ " k ( b ) 3 /2

Prom (3 .1 3 ) we th e n  f in d

fcA'1 /2

4 c "  . / T  k ( k , ) 3 / 2  ♦ 35
^  dx2dx3

w here Q = 3K/35 , S in ce

-  f 3Q , 2J 3 2 o ~ ~  dx dx
j H

dx’ dx2 J Q  
3x2

-  i dx ax3 2S, = o,
3x^

(3 . 22 )

th e r e f o r e  m = 0 .  c
WTo p rove dg < 0 , we s e t  (1 + 5 5 ), where W i s  a  p o s i t i v e  q u a n t i ty ,

Ea. (3 .1 3 )  can  th e n  he w r i t t e n  as

M -  3M §  = W3 ( l + « ) 2 - | |  -  W2 1J | 2 (3 .2 3 )

where V = [2W + (1+ 55)2 — _ ] and J  = f -  [ (1 + 5 5 )4 t  ] • D iv id in g
« 5 3535

(3 .2 3 )  hy W/2 and in t e g r a t i n g  o v e r th e  F2S a re a  we o b ta in

2 ,.-. . . .  W , dx2dx3 
+ jO M B  5  ) - . - 5 - 2W2 ( 1 * « )  ff-

-  <> 2W |J|
2 32 dx dx

(3 . 2i+)
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where th e  le ft-h a n d  s id e  can be re w ritte n  as

d_
du

Sim plifying th e  rig h t-h an d  s id e , (3.21*) then  becomes

8/IT" irk ELg = 8 dx2dx"* -  8
W (l+ « )2

The f i r s t  in te g ra l  on th e  r ig h t  vanishes as in  (3 .22) while th e  second 

in te g ra l  i s  always p o s it iv e  because W is  p o s it iv e .  T herefore, m  ̂ i s  

always negative .

In th i s  sec tio n  we w il l  p re se n t and analyze a c la ss  o f so lu tio n s  

o f th e  Einstein-M axwell equations which are  ch arac te rized  by th e  coincidence 

of a  p r in c ip a l n u ll  d ire c tio n  o f th e  Maxwell f i e l d  w ith a doubly degenerate 

p r in c ip a l n u ll  d ire c tio n  o f th e  Weyl te n s o r ,  th e se  n u ll  d ire c tio n s  being 

hypersurface orthogonal. These so lu tio n s  a re  th e  Einstein-M axwell 

coun terparts  o f th e  RT so lu tio n s ; hence th e  name, Robinson-Trautman-Maxvell 

so lu tio n s .^ 2

Adopting th e  conditions p = - l . / r  and a = 0 , we immediately o b ta in  

from (2.18a) and (2 .l8 b ) the r e s u l t s  i|»_ = = 0. By th e  Goldberg-Sachs
•S'S

Theorem , a = < = 0 a lso  im plies th a t  iji = 0. Under th e se  cond itions the  

in te g ra tio n  o f  th e  Einstein-M axw ell equations (2 ,l6 ) - (2 .2 2 )  which we o u tl in e  

h e re , i s  r e la t iv e ly  easy.

3 .2 . A nalysis o f th e  RTM Solu tions
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As a gen era l procedure in  in te g ra tin g  th e  NP equ a tio n s , we s t a r t  

w ith  th e  r a d ia l  equations (2 .1 6 ) ,  (2 .18 ) ,  (2 .2 0 ), and (2 .2 2 ), ob ta in ing  

a t  each s tep  a  "constan t"  o f in te g ra tio n  independent o f r  which we denote 

by a  su p e rsc r ip t 0. We th en  s u b s t i tu te  th e  r e s u l t s  in to  th e  n o n -rad ia l 

equations and, by comparing powers o f r ,  o b ta in  re la tio n s h ip s  among th ese  

"co n s tan ts" . Thus, w ritin g  th e  equation  number on th e  l e f t  fo r  easy 

re fe ren ce  to  S ection  2 .1 . ,  we have:

(2 . 16a)

As in  (2 .75) we choose

02 .03 ■P ■ -P

(2.18c)

(2 .l8 d ) Dg + r " - 6 = 0  $ = g°r_1

(2 .l8 e ) Dt + r ^ t  = 0 -*■ t

Since t  = a + 0 in  our coord ina te  system , = cP + By means of

th e  te t r a d  freedom c a l le d  "n u ll r o t a t i o n " ,^  we can s e t  = 0 and hence

<* = -S  , t  = 0

(2.16b) Dw + r -1 0-1

(2.19b) 6p = 0 ■> uDp B 0 = 0

(2 .l8 g ) DX + r _1X = 0 X= X°r-1

(2 .19 b ) Xp = 0 -*• X° = 0
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(2 .16c) D ^  = 0 *  X* = X°A

(2 . 22a) D*x + 2r "1<(>1 = 0 ^  = $Jr“2

(2 .22c) 6<|>° ■ 0 2P - f f l  = **? » 0
1 3?

Applying 'S’ to  th i s  r e s u l t ,  we o b ta in  = 0 which im plies ’Sq̂ 'o^ I =

From (2.35d) we then  see th a t  <()̂  i s  a pure £ = 0 sp h e ric a l harmonic, i . e .  

a "constan t"  independent o f C,C . Hence, we can w rite

= E(u) .

(2 . 22b) D4>2 + r _1*2 = 0 + *2 = r _1

(2 . 20b) Difjg + 3 r ~ \ 2 = ̂ k ^ r "1 -

^2 a ^2 r”3 + 2k l(f,l | 2 r" lt

(2 .l8 h )  Dp + r _1p = -*■ P = P°r_1 -  ^  r “2 -  k | $®|2 r"3

( 2 . l8 f )  Dy = i|>2 + ■* y = Y° -  \  $2 r"2 -  k|<|.J| 2 r - 3

(2 . 17c) p -  p = 0 ■* p° = p°

(2 .l6 d )  DU = -(y+y) ■*

„  nO / 0 - 0 v .0 - 1  . | ,0)2  -2
U = U -  (y +y )r  -  ^2 r  “ k l <J>1 I r

(2 . 21b) ■ 6^2 = - 2k(J»1$2 r ’ 1 -*■ = 2k$J*2

(2 . 20c) Dxfi3 + 2r ’ 1 ^  = 6^  + k ^ D ^  +

. ,0 -2  oipO.O -3
3 = 3 r + 3k*i*2 r
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(2.l8i) Dv a I|»3 + V = v° - r"1 - 2k$°$g r-2

(2.17b) «IA - U k  -  25^ - 2a5A + o° = — ~
H

(2.20d) + r " 1^  = (^+2a)(J»3 + k?1(?+2a)*2 *»■

* ♦u r_1 + ^ 3  r "2 + 2k^ i^ 2  r "3 

(2 . 16e) 6XA -  A£A = (u+y-y)?A "*■

„0 0 0 I P  9X° _
U = M y = -  2 p 35 = 0

The last equation implies that = (X^2 + iX^) is analytic, i.e.
X° = X^(u,^), Because of this we can use the coordinate freedom 

C' = g(u,?) to make1*2

X0A = 0.

(2 .19o) 6a + 6a = up +l*act -  +  ^ ^ 1  *

U° -  -  S 3 l o g  P = - K

A A
(2 . 19d) ^u B '('g -  k$2* l ^3 = -  'S'u =

(2 . 1Td) 6U = -v  -  u° = -  2?y° = f-

( 2 . 19a) 3v = -  2av -*■ ifi® = -  3V° = -  JB2 ^

(2 . 22d) + 2|i*1 = (6- 2a )*2 +

4° -  2 £  d>° =?1 P 91 ¥2
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(2 . 21c) Alpg + Sp'J'g = (S-25)#3 + k ^ ( 4 - 2 5 ) ^

-k  ? 2Dij>2 -  2k<j>1$1u

This completes th e  in te g ra tio n  o f th e  Einstein-M axwell equations. 

The rem aining equations are  found to  con ta in  only id e n t i t ie s  and 

redundant inform ation .

For convenience we now g ive  a  summary o f the  r e s u l t s .

A. T etrad  components o f th e  Weyl te n so r:

ili b s  o (3»25a)ro r l

*2 = *2 r’ 3 + 2k ^ l !2 r~k (3.25b)

*3 = *3 r"2 + 3k*l*2 r "3 (3.25c)

*U = *2 ̂  + **3 r”2 + 2kK ^ 2  r"3 (3.25d)

B. T etrad  components o f th e  Maxwell te n so r:

<|> = 0  (3.26a)o

<J>1 ® <(>° r ”^ (3.26b)

$2 = r "1 ( 3 .26c)

C. Spin c o e f f ic ie n ts :

<T = T = A * K  = e = ir = 0 (3.27a)

-1 (3.27b) 

(3 .27c)

B = - S ° r "1 (3.27d)

P = - r

o -1  a = a r
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Y - Y° - |  r’ 2 - k|*J|2 r"3 (3.27«)

V = y° r"1 - i|»° *"2 “ k |* J |2 r"3 (3.27f)

v -  v °  -  r”1 -  2k$°*° r"2 (3.27g)

D. Metric variables:

in o » 0 (3.28a)

£A= -(P,-iP)r_1 (3.28b)

U = U° - 2y°r - f 2 r-1 - k|*J|2 r-2 (3.28c)

£. Relationships among the "constants":

°° " - 1*106 P (3.29a)

u° » v °  •  -k « -arSiogP (3.29b)

o I P  O X , P
y = “ 2 P » V = * P (3.29c)

llfg 8 ?2 * a E (u ) (3.29d)
•

ii<° * # k  , ii>2 = «#2 1> (3.29e)

F. Differential equations:

^ 2  * 2kE?2 (3.30a)
•

E - 2 |> E = -tf*® (3.30b)

*2 “ 3 f  *2 “ + * * 1 * 2 (3.30c)

G. Components of the metric tensor:

= , g“  - - s 2 « ®

gu - . 2  (K . i A  iff2 ,

(3.31a)

(3.31b)
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H. Line elem ent:

2 = 2 (K- | r + ~  + k - ^ )  du2 + 2 dudr -  —2 d?d? (3.3 
P r  r 2 2P

We again  impose th e  re g u la r i ty  cond ition  P = Po ( l+ l)  on the  

above r e s u l t s  and t r y  to  o b ta in  from them th e  equations o f  motion and 

th e  tim e dependence o f th e  in te rn a l  degrees o f freedom. F i r s t  we note 

th a t  by in te g ra tin g  (3.30b) over th e  F2S we o b ta in

f * 2  ̂ / 6°  \
y ( i .  a £  E ) - a y s : . - 2  Ij- ( - )

2 3dx dx .

The rig h t-h an d  s id e  vanishes as in  (3 .22) and th e  le f t-h a n d  s id e  

can be expressed as a u -d e r iv a tiv e  o f E tim es th e  F2S a rea  A, i . e .

~  (EA) = du du E —- f * -  = o (3.33)
P2

T herefo re , s ince  EA i s  conserved we can tak e  the  e le c t r ic  charge 

e o f th e  s in g u la r i ty  as

e = tit (3.3*a)

and th e  magnetic monopole moment q as

q ■ (E-E)A (3.3i+b)

Re(E) can thus be regarded as e s s e n t ia l ly  a su rface  charge d en sity  

and Im (E), as th e  magnetic monopole per u n it  a rea . We had hoped 

th a t  th e  Einstein-M axw ell theory  would y ie ld  th e  r e s u l t  q = 0 , bu t
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o u r a n a ly s i s  has f a i l e d  t o  show t h i s .  N e v e r th e le s s ,  we s h a l l  assume 

t h a t  E i s  r e a l  o r  q  «= 0 .

Now, c o n s id e r  th e  th r e e  d i f f e r e n t i a l  e q u a tio n s  ( 3 .3 0 ) .  I f  

we l e t  (fig = ?H , w here H i s  a  s p in  w eig h t ze ro  q u a n t i ty ,  Eq. (3 .3 0 h ) 

"becomes

99R = - (E  -  2 |  E) . (3 .3 5 )

Then "by a p p ly in g  % t o  (3 .3 0 a )  and u s in g  (3 .3 0 b ) we o b ta in

o

= -2 k  E(E -  2 |  E ) , (3 .3 6 )

w hich lo o k s  v e ry  s im i la r  t o  ( 3 .3 5 ) .  The p ro ced u re  now i s  t o  t r y  to

s o lv e  f o r  H a n d ’!'® as  fu n c tio n s  o f  P and I  i n  (3 .3 5 ) and (3 .3 6 )  
d. O *

and th e n  t o  s u b s t i t u t e  th e s e  in to  (3 .3 0 c )  to  d e te rm in e  and I .  Aso

we s h a l l  s e e ,  how ever, E q u a tio n s  (3 .3 0 )  a r e  q u i t e  c o m p lic a te d . The on ly  

known e x a c t s o lu t io n  i s  th e  R e issn e r-N o rd stro m  m e tr ic  w hich can be
1 Q  _

o b ta in e d  e x p l i c i t l y  by s e t t i n g  I  = 0 ,  PQ = 2 ( l+ S C ), K = 1 , t|>2 = - /2  km, 

<J>° = e ,  and <J>2 = 0 . A lthough in  th e  g e n e ra l  ca se  o f  I  /  0 th e r e  

seems to  be  l i t t l e  hope o f  so lv in g  (3 .3 0 )  e x a c t ly ,  n e v e r th e le s s  we can 

do i t  p a r t i a l l y  and  o b ta in  a  s t a r t l i n g  r e s u l t .

R ew ritin g  (3 .3 5 )  and (3 .3 6 )  in  te rm s o f  PQ and I ,  we g e t

P ’
(1 + I)2*  #  H = -E  + 2E ~  + 2 E r ~  (3 .3 7 )O O  P 1+1o

•

p
( 1+ I ) 2tf  % = - 2kEE + ltkE2 ~  + t o 2 - i -  ( 3 . 3 8 )

O O d  r  'L'T'L
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Note th a t  when I  s  Owe can so lve  th e se  tvo  equations e x a c tly , 

ob ta in ing

E = 0 (3.39a)

Pn
H = -E —■ (3.39b)

o
p

i>° = -M(u) -  2k E2 ~  (3 .39c)
o

This leads  us to  make th e  fo llow ing ansa tz  fo r th e  so lu tio n s  of

(3 .37) and (3 .38) w ith I  i  0:

P
H = -E ~  + ET (3.U0a)

0 p
= -M(u) -  2k E2 —  + 2k E2S, (3.fc0b)

o

where E = T = S = 0 when 1 = 0 , th a t  i s ,  T and S con tain  th e  I -  

dependent p a r ts  of.H  and ii°. P u ttin g  (3 .^0a) and (3.U0b) back in to

(3 .37) and (3 .38) we o b ta in  th e  follow ing equations fo r  T and S:
«p  » t

(1+ I)2 T = -2(21+12 ) ~  + 2 ~  |  (3.1tla)
O O r  i T l  a

,0

(1+ I)2 = -2 (2 I+ I2 ) ^  + 2 - |  (3.Ulb)
o

I f  we now s u b s t i tu te  (3.U0a) and (3.^0b) in to  (3 .3 0 e ), we ge t 

( a f te r  some regrouping of term s)

M.asHr* ?) -̂ (f -1 “) r -9kJ|2 f(r) * f-]o o I*' o J

(3.U2)
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where £2 comes from (2 .62) and ̂  is given by

2P r  /P \  2 n
%  = 2kE2S + 2kS (2EE -  3E2 ^ - )  + kE2 (2 I+ I2 ) [p 2-] + I ”  J

P
+ 3 (M + 2kE2 ~  -  2kE2S) + ( l + l ) ? [ ^ qK

0 ^ *
P P

+ kE ■ #  T1?  =2. + ^ T “-T ( 3 . U3)
O O P  O O P  0  0o o

When I  = 0 , we have S = T = E = K - 1 = 0 ,  and hence ^  = 0 . In  

p r in c i p l e  ^  can  be decomposed as a  sum o f  d i f f e r e n t  s p h e r ic a l  

harm onic te rm s such  t h a t  th e  d i f f e r e n t  A-terms i n  (3  M 2) can 

be s e p a ra te d  o u t as  fo llo w s

A = 0 , M = $  ' (3.UUa)o

* = 1 , 2kE2 ( i  ♦

( 3 .M b )

A = 2 , -9kE2 ^ j  + | -  = 3 "2 ( 3 . M e)

* > 3 , 0 = ^  ( 3 .M d )

I f  we m u l t ip ly  ( 3 .M b ) by -A2 /U8k?r2 and u se  th e  d e f in i t i o n s  o f  th e

n e u t r a l  mass mQ and e l e c t r i c  ch arg e  e g iv e n  in  (3 . 21a )  and (3 . 3M ) ,

we can  e x p re ss  ( 3 . M b) as

\/2 f m +(  k 2 A V o  2 2 (  Po 52 \  _ ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where F is given "by

(3.1*6)

We see from (3.1*5) th a t  th e  " in e r t i a l  mass" m  ̂ o f th e  s in g u la r i ty  

can be defined as

case , m ^  = 0 .)  Rewriting (3.1*5) in  terms o f  th i s  " in e r t i a l  mass" 

we g e t

where th e  second term  on th e  r ig h t  is  p re c ise ly  th e  Abraham ra d ia t io n  

re a c tio n  fo rce  [see (2 .6 8 b )]. Thus, w ithout th e  use o f ad hoc models 

or mass ren o rm aliza tion , we have been ab le  to  d eriv e  th e  Abraham 

ra d ia tio n  re a c tio n  fo rce  r ig o ro u s ly . In  Chapter 5.0 i t  w il l  be 

shown th a t  i f  incoming f ie ld s  a re  allowed to  in te ra c t  w ith  th e  charged 

s in g u la r i ty  th e  same r e s u l t  p lu s th e  Lorentz fo rce  can be ob ta ined .

(3.1*7

where

(3.1*8)

can be taken  as i t s  "electrom agnetic m ass".^° (Note: in  th e  s t a t i c

/2  mi  P

Po 2 2 — e
o o
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From ( 3 . M e ) v e  a l s o  g e t  th e  fo llo w in g  r e s u l t :  i f  I  * 0 ,

th e n  = 0 w hich im p lie s  t h a t  P /P  = 0 ;  hence i f  t h e r e  i s  2 o o

a c c e le r a t io n ,  th e n  th e  i n t e r n a l  d e g re e s  o f  freedom  m ust h e  e x c i te d .

I t  ap p ea rs  a s  i f  n o t much more can  h e  done w ith  th e  ex ac t 

e q u a t io n s .  So we c o n s id e r  now th e  l i n e a r  ap p ro x im atio n  in  w hich 

we ta k e  PQ/ p0 and I  t o  h e  sm a ll q u a n t i t i e s  and keep o n ly  f i r s t  o rd e r  

te rm s . The l i n e a r i z a t i o n  o f  (3 .U l)  y i e ld s

•0 f? T  = 2 I ,  % 3r S = 21 , E = 0 ,  (3 .5 0 )o o  * o o  * ’

w h ile  t h a t  o f  ( 3 .^ 2 ) g iv e s

P P ""2
M -  3M ^  + 2kE2 ( ^  + |  )= 2kE2S + 3MI 

o o

I f  I  i s  assumed t o  have a  d e f i n i t e  S .-va lue , i . e .  I  = -L I  w hereo o
0

L = &(&+!), th e n  I  w i l l  a l s o  he a  s p h e r ic a l  harm onic w ith  th e  same 

A -value b ecau se  o f  th e  l i n e a r i z a t i o n .  So from  (3 .5 0 )  we o b ta in

T = -  2 £  , S = -2  — . (3 .5 2 )

S u b s t i tu t in g  t h i s  in t o  (3 .5 1 )  and b re a k in g  up th e  r e s u l t  in t o  th e  

d i f f e r e n t  I  te rm s , we f in d
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£ ■ 0 , M =

A ,

0

f 2 \

(3.53)

£ = 1 , 2E ( o
Po

+ )  -  3M p2. = 0 
0

(3.5*+)

£ > 2 , UkE2
L I  - 3MI -  L(L-2)I = 0 (3.55)

The genera l so lu tio n s  o f (3.5*0 and (3 .55) have exponential growth,

which means th a t  th e  Reissner-N ordstrom  so lu tio n  i s  u n stab le  (a t

l e a s t  i n i t i a l l y )  to  sm all p e rtu rb a tio n s  I  and to  sm all a c c e le ra tio n s .

This unp leasan t behavior could p o ssib ly  be reversed  o r s ta b i l iz e d  by the

n o n -lin e a r term s in  (3.*H) and (3 .U 2), b u t having no co n s is te n t

approximation method bo f a r ,  we can only hope th a t the  non-linear terms

w ill  ac tu a lly  have a s ta b iliz in g  e ffe c t on the so lu tions.

For completeness we should a lso  consider th e  g ra v ita t io n a l

and electrom agnetic ra d ia t io n  f ie ld s  which are  given by and ^
0 ore sp e c tiv e ly . I f  we l in e a r iz e  th e  expressions fo r  and we o b ta in

p P
<J>° = ?H = (1+1)? (ET-E - 2 >  -  Z f #  I  -  Efr ^  (3 . 57)

d  O r  b  O O ito o

The l a s t  term in  <j>° i s  p re c ise ly  th e  L ienard-W iechert r a d ia tio n  f i e l d  ;
8.th e  f i r s t  term  is  what one would expect from an e le c t r i c  2 -p o le  f i e l d

o Z(£ > 2 ) . The r e s u l t  fo r  ^  corresponds to  ra d ia tio n  from a mass 2 -p o le .

We a re  th e re fo re  le d  to  in te rp r e t  I  as rep resen tin g  some type o f

d is t r ib u t io n  from which both  th e  g ra v ita t io n a l  and e le c t r i c  m u ltipo le

moments can be c a lc u la te d .

*h
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it.O MOTION IN A GENERAL EMPTY SPACE

In  t h i s  c h a p te r  we s h a l l  c o n s id e r  th e  g e n e r a l iz a t io n  o f  th e  

R obinson-T rautm an s o lu t io n s  to  a  g e n e ra l  empty space  R ^  = 0 , in  w hich 

th e  e lem en ta ry  s i n g u l a r i t i e s  a r e  co u p led  t o  an incom ing g r a v i t a t i o n a l  

background  f i e l d  r e p r e s e n te d  by \pQ. We f i r s t  i n t e g r a t e '  th e  vacuum 

f i e l d  e q u a tio n  u nder th e  c o n d it io n  ( 2 . 7 0 ) and th e n  an a ly ze  th e  r e s u l t s  

f o r  th e  m otion  and s t r u c tu r e  o f  th e  s i n g u l a r i t i e s .

i t . l  I n te g r a t io n  o f  th e  Empty Space E qu atio n s  

C onsider th e  two em pty-space r a d i a l  e q u a tio n s  f o r  p and a

Dp = p 2 + aa , ( 2 . l 8 a ) '

Do = 2po + ij>0 , ( 2 . l 8 b ) '

and w r i te  c o n d it io n  ( 2 . 7 0 ) as

p = - r -1  + g , g = 0 ( r ) ,  ( i t . l a )

o = h , h = 0 ( r ) . ( i t . lb )

To d e te rm in e  th e  g e n e ra l  form  t h a t  m ust have n e a r  r=0 in  o rd e r  to  be 

co m p a tib le  w ith  c o n d itio n  ( i t . l ) ,  l e t  us s u b s t i t u t e  ( i t . lb )  in to  (2 . l 8b ) .  

T h is  g iv e s  us

Dh + 2 r -1 h = 2hg + + 0 ( r 2 ) ,

*The prim e a f t e r  th e  e q u a tio n  numbers g iv e n  in  2 .1  s h a l l  in d ic a te  
th e  em pty-space NP e q u a tio n s  (4*^ -  R "  0 ) ,

59
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and in te g ra tin g  th i s  eq uation , we get

h = r “2 {h°(u ,xA) + j r 2 [ipQ + 0 ( r 2)] dr}, ( ^ .2 )

from which i t  follow s th a t  since  h = 0 ( r ) ,  h° = 0 and ipQ = 0 ( l ) ,  i . e .

must he a re g u la r  fu n c tio n  o f r  near the  o rig in  r  = 0. Thus 

cond ition  ( 2 . 70) excludes, fo r  example, r -5  and h igher s in g u la r i t ie s  

whose presence in  i p , in  l in e a r  th eo ry , corresponds to  th e  presence 

o f  in t r in s ic  quadrupole and h igher m ultipo le  moments.

Let us now assume an e x p l ic i t  form fo r  ipQ, namely,

ip = ip° + lp^r + 0 ( r 2) ,  (k .3 )Yo r o o ’

w ith  th e  a d d itio n a l cond ition

Dip = ip1 + 0 ( r ) . (1+.1+)o o

S u b s titu tin g  (k.3)  in to  (b.2)  we get

r 2 [ip° + ip^r + 0 ( r 2)] d r ,

or

h = r ^2

h = ij- ip°r + y  ip1r 2 + 0 ( r 3). (^ .5 )J O  H o

Now, using  (h .la )  and (U .lb) in  (2» l8 d )' we fin d

Dg + 2 r-1 g = g2 + hh = 0 ( r 2)

w ith  th e  so lu tio n  g = 0 ( r 3) . Again, l e t  p = - r -1 + g in  (2 . l8 a ) '

where th i s  tim e g = 0 ( r 3) ,  and use (U.5) to  solve fo r  g . This gives us

H*0rd e r  symbols can be in te g ra te d , but cannot be d if f e re n t ia te d .
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Dg + 2r-1g = ^  |̂ o |2r2 + jr Re(</>°iĵ )r3 + C^r1*), 

with the solution

g = f j  U q I2 + 3^  Re( O o )  + ° ( r 5)- ( ^ - 6 )

Therefore, with the form (U.3) of ^ g i v e n  explicitly to 0(r2), we 

obtain from ( k . 5 )  and (k . 6 ) the following expressions for p and 0 :
1

p = _r-l + |^°|2 + Re(^°^) + 0(r5) (U.7)

0 = j  i|;°r + ̂  ^ r  + 0(r3). ( b . Q)

Note that it was the condition (2.70) on p and 0 which led*us to 

the result that must be regular around r = 0. In Appendix B we 

show that it is also possible to go the other way, that is, obtain 

( 2 . 7 0 ) as a  s p e c ia l  ca se  o f th e  assum ption  ** 0 ( 1) ,

To find the r-dependence of the other NP quantities, we shall 

require the following lemma from the theory of ordinary differential 

equations1*5, which is given in NP (ref. 33):

Lemma: Consider the differential equation

dy = (As-1 + B)y + b (^*9)

where d = d/ds, y is a column matrix with n rows, A is a complex

(nxn) matrix in d ep en d en t o f  s ,  And th e  com plex (n*n) m a tr ix  B and th e  

column m a tr ix  b a re . g iv e n  fu n c tio n s  o f  s .  I f  A has no e ig e n v a lu e  w ith  

a  p o s i t i v e  r e a l  p a r t  and i f  B and b have th e  a sy m p to tic  b eh av io r
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B = 6(s~ 2) ,  b = 6 ( s - 2) ,

then  a l l  the  so lu tio n s  o f ( it .7 ) are  bounded as s i . e .  y = 0 ( l )

I f  we now l e t  r  = s- 1 , we can express D as D = t-s2d and 

w rite  p and o from ( it .7 ) and ( it .8 ) as

p = -a  + o(s7^)

a  = i  ^°S_1 + rj- Ij)1  S - 2  + 6 (s“ 3) . ( i t . 10) j o  4 0

.AMaking th e se  s u b s t i tu t io n s  in  th e  r a d ia l  equation ( 2 . l6 a ) ' fo r  £, , we 

can re w rite  th i s  equation  and i t s  complex conjugate as

d?A = [s- 1 + o (s -5 )]£ A -  [ ±  ^ s - 3 + o ( s - ^ ) ] IA

dcA = [s - 1 + o ( s - 5 ) ] ? a  -  [ | u : V 3 + 6 (s - 4 ) ] ^

( i t .11 )

By l e t t i n g  ?A = 5*^s, ( it .11) can be expressed in  m atrix  form as

t̂tA " ’ o(s-5 ) o> CO
1 C

O

1 1
* >

\

d
5#A

1
o> m
1 C
O 0 ( s - 5)

from which we see th a t  th e  lemma ap p lie s  w ith A = b = 0. T herefore , 

i t  follow s th a t  £*A = 0 ( l ) ,  i . e .  £A = 0 (s )  or

*Here, f(s ,u ,x A ) = 0 (f ( s )) means |f ( s ,u ,x A) | < g (s)F (u ,x A) fo r  
some function  F independent o f s and fo r  a l l  la rg e  s .
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5A = 0 ( r - J ) (U.12 )

With th i s  in fo rm ation  we may now in te g ra te  ( 2 . l6 a ) ' in  s teps to  so lve  

fo r  £A in  term s o f  iJ>o . Thus, u sing  (U.12) in  (2 .16a ) 1 we have

(2 . 16a ) ’ D5A b p5A + <jIA -> D5A + r ” xCA = 0 ( 1 ) ->

' 5A = 5oAr-1  + 0 ( r ) > (U .!3 )

where th e  "constan t"  o f in te g ra t io n  5 s h a ll  be chosen as u sual to  be

?°2 = i  5° 3 = -P (u ,S ,S ) , P = P (U.14)

By l e t t i n g  ?A = C ^ r ” 1 + xA, xA = 0 ( r ) ,  and p u ttin g  th i s  back in to

(2 . l 6a ) 1 we ob ta in

_ A , A 1 ,o-oA . 1 .IroA . n / 2 ^Dx + r  i x = — r  + 0 (r^ ) ■>

A 1 ,0=oA , 1  .1 -=0A 2 . n/ 3 \x = r 0 . 5  r  + r r  tl< 5 r 4 + 0 ( r J ) .
U O J-<S O

A
T herefore , C i s  given by

_A „oA _i , 1 ,o-oA , 1 .1—oA o . /  Mi t c \
C = 5  r-1  + g tJ)o5 r  + ^2 ^o5 r  '  •’ -(^.15)

The lemma can be app lied  once more to  determine th e ’ r-b eh av io r 

of to, a ,  3, t ,  and ^  near r  = 0. Using (H .3 ), ( ^ .^ ) ,  and (^ .10) in  the  

r a d ia l  equations ( 2 . 16b ) ’ , (2 . l 8c ,d ,e , ) 1 , and ( 2 , 20a ) ’ , th e se  equations

fo r  w, a ,  B, t ,  and- can be w ritte n  in  term s o f s = 1 / r  as

(2 .1 6 b ) 1 du> = [s“ 1+6 (s” 5) ]m -  [ ^  i|)°s“ 3+0(s” lt) ]£> + TS”2 ( ^ . l 6a)

(2 . 18c ) 1 do = [s- l +6 (s - 5 ) ]o -  [ j  ij)°s"3+6 (s” 1’) ]6 ( I t . l6b)
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(2.l8d)' ae » [s~ x+6( s“ 5) ]0 - [ ^  ifi°s“ 3+6(s_I+) ]ot - ̂ s -2 (h.l6c)

(2.l8e)' dt = [s-1+0(s-5)]t - [ ^ V 3+6(s-“)]? - ̂ s ~ 2 (l+.l6d)

(2.20a)' dip- = [^s- 1+6(b“1*) ]*- + [N>°s-2+6(s-3)]a

+ 0(s-2)aj + oCs-1) (lr.l6e)

If we let

(o = ui*s2 , a  =  a*s2, 8 = 8*s3, t  =  t * s 3 ,  3 ( 1 + . 1 7 )

then equations (h.l6) and their complex conjugates can he expressed in 

the form of ( k . 9 )  with

- «•
CO - 1 0 0 0 0 0 1 0 0 0

*1
3

0 - 1 0 0 0 0 0 1 0 0

«
a 0 0 - 1 0 0 0 0 0 0 0

_ #
a 0 0 0 - 1 0 0 0 0 0 0

e *
A  a

0 0 0 0 - 2 0 0 0 - 1 0

6 0 0 0 0 0 - 2 0 0 0 - 1

#
T 0 0 0 0 0 0 - 2 0 - 1 0

- #
T 0 0 0 0 0 0 0 - 2 0 - 1

0 0 0 0 0 0 0 0 0 0

H
0 0 0 0 0 0 0 0 0 0

- -

(U.18)

Since A has no eigenvalue with positive real part, it therefore 

follows from the lemma that
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* * «# # • , * ft/, SID , « » 6 > T , l|)j = 0(1)

or "by (U.17)

a),a = 0 ( r - 2 ) , '  0 , t  = 0 ( r - 3 ) ,  i[>i= 0 (r_lt) (^-19)

Using th i s  inform ation to  in te g ra te  (2 .l6 b ) ’ , (2 .l8 c ,d ,e ) ',  

and ( 2 . 20a ) ' ,  we ob ta in

(2 .20a ) ’ D i^+kr-1̂  = 0 ( r - 2) ->• = t)i°r-1’+0 ( r - '+) , (It. 20a)

where is again a "constant" of integration, which, in linear theory, 
can be related to the intrinsic mass dipole moment and angular momen­
tum of the singularity.k4 Here we shall adopt the assumption

= 0 , (U .21)

but it will be shown in Appendix C that this assumption is actually
unnecessary. Integrating the other equations with the assumption (I+.21) 

we then have

(2 .1 8 4 ) ' DB + -r - l 8 ■ 0 ( r - 1) -*0 = g V 1 + 0(1) (It.20b)

(2 .1 8 c ) ' Da + r _1a = ^  0°iji°+O(r) -»■ a = a°r-1 + ^  6°4*or+0(z*~2) (^ .

( 2 . l8 e ) ' Dt + r _1x = G(r_1) - * t =  T0 r - 1  + O (l'), (l;.20d)

where again t °  = a 0  + 0° is made zero by means of the null rotations,1’2 
that is,

T° = 0 ,  0° = -5° (U.22)

9

20c)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



66

( 2 . l 6 b ) '  Du “!• r " 1a) = 0 ( r - 1 ) -► w = to0?” 1 + O( l )  ( 4 . 2 0 e )

B efo re  p ro ceed in g  f u r th e r ,  l e t  us s u b s t i t u t e  t h e s e  r e s u l t s  in to  th e  

n o n -r a d ia l  e q u a tio n  ( 2 . 1 7 b ) ’ , nam ely,

o>D5A + £B5,a " wD£A -  5BSA,b + (ct-I)5A + (B-S) |A = 0 (2.17b)'

and s e t  th e  c o e f f i c i e n t s  o f  th e  v a r io u s  powers o f  : r  eq u a l to  z e ro .

From th e  c o e f f i c i e n t  o f  r -3  we f in d  th a t

to0 = 0 ( 4 . 2 3 )

and from th e  c o e f f i c i e n t  o f  r -2  we g e t

ct° = -  2L  . (4.24)
H

N ote th a t  from ( 4 . l 4 )  and ( 4 . 2 4 )  th e  o p era to r  & d e f in e d  in  S e c t io n  

2 .2  can he e x p r e sse d  as

•S’n = - U ° An>A + 2sct°n), = - ( t oAr)>A -  2sa°n) (4.25)

fo r  any sp in -w e ig h t  s q u a n tity  n •

I f  we now go back t o  th e  r a d ia l  e q u a tio n s  ( 2 . l 6 b ) ' ,  ( 2 . l 8 c , d , e ) ' ,  

and ( 2 . 20a) '  w ith  th e  in fo r m a tio n  g iv e n  by  ( 4 . 2 3 )  and ( 4 . 2 4 ) ,  we can 

in te g r a t e  t h e s e  e q u a tio n s  fu r th e r  and o b ta in  th e  f i n a l  r e s u l t s

ipj = -  + 0 ( r 2 ) ( 4 , 2 6 a )

# I f ;  f o r  exam ple, we have th e  e x p re s s io n  Ar” 1 + B r lo g r  + Cr +
0 ( r 2 ) = 0 ,  where AjBjC a re  a l l  indep en d en t o f  r ,  we g e t  A = 0 by mul­
t i p l y i n g  by r  and ta k in g  th e  l i m i t  r  + 0 . S im i la r ly ,  m u lt ip ly in g  by 
( r l o g r )” 1 and th e n  ta k in g  th e  l i m i t  r-> 0 g iv e  B = 0 ; e t c .  Thus 
A,B,C = 0 s e p a r a te ly .
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a = a°r_1 —  ^  «°$or- - ■—  a°ijĵ r2 + 0(r3) 

g = - S V 1 + ( |  a°<j£ -  |  «V°)r + a V 0 -  ^  ^ ) r  + 0 (r3)ro 8 '"o' 

1 s , l
T = - 4  «v»°r - *\l» r2 + 0(r3)0 0 1? o

(U .26b)

(l+.26c)

(U.26d)

(U.26e)« = * V  + ^ ^ 3  + 0( r k )

Then with the help of (it.15) and (i|.26d) we find from (2.l6c)' that 

X4 = X°A - 4 (C°A^ °  + ?0iW ^ ) r  - (I°A^ i  + ?0iW ) r 2 + 0(r° )8 30
(lt.26f)

Let us next apply the lemma to determine the r-dependence of 
X, y, and ip2. In terms of s, the radial equations (2.l8g,h)' and 
(2.20b)' can be written as

(2.l8g)' dX = [s-1 + 0(s-5)]X - [ ^ ijj°s-3 + 0(s-1+)]

(2.l8h)' dy = [s-1 + 6(s_5)]y - [ ijj°s-3 + 6(s-l+)]X - i^s--2

(2.20b)' drp2 -  [3s_1 + 0(s-5)]i|/2 + [^°s-2 + 6(s_3)]X + 0(s-1)

By putting X = X*s, y = y*s'2, 1̂ 2 = ^2*s3’ "t̂ie lemma can be applied to 
these equations and their complex conjugates, with

y =

X * " o 0 0 0 0 0
_ *
X 0 0 0 0 0 0

y *
A  =

-1 0 0 0 -1 0

y * 0 -1 0 0 0 -1

* 2 * 0 0 0 0 0 0
*

t2 0 0 0 0 0 0

( i t . 27)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



68

Thus, X , y , ip2* = 0(l), that is

X = O(r-l), y = 0(r~2), \p2 = 0(r-3) _ (it.28)

With this information we can again integrate (2.l8g,h)' and (2.20b)1

and obtain

X = X0r_1 - ^ ^  y°ij)° - ^  ̂ 2^)r + 0(r2) (it.29a)

y = - t^r"2 + y V 1 + ^  # 24>°r + ( tf2̂  - — ■ 1̂° 12)r2

+ 0(r3) (it.29b)

*2 = ^2 r " 3 + 12  (5 ^ o  ~ + 20 ^ o  + 2 ^ l ^ i 2 "  5X° ^ o ) r

+ 0(r2) (it.29c)

Then substituting these results into (2.l8f)' we find that

y = -1 °̂r"2 + y ° + 12 t5a* o " -Ux°*o ” 3 Im(ot° ^ o ):!r

+ ^  + 2iJ»2 I I 2 “ - | Ia(a°«¥j)r2 + 0(r3) (lt.29d)

This in turn is used in (2.l6d)' to obtain

u = - j  (i|»° + 5°)r-1 + U° - (y° + y°)r - [ff2<J)° + # 2ip0o

-  itX °* °  -  l tX ° i j i° ] r2 -  +  ,0’2 'i'o  +  2  U 2 + ' i ' p l ' l )° | 2

- 5X°iJ;i _ hX°ijjl]r3 + 0(rl+) (it.29e)

If we now consider the non-radial equation (2.19g)'» we find from 

the coefficient of r-2 that
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X° a 0 .  ( U. 30)

Finally, we consider the r-dependence of ip3, and v. If we 
let ip3 = ipgS1*, the radial equation (2.20c)' can he written as

di|)3 = [-2s"1 + 0(s"5)]ipg + 6(s"5), 

which obviously satisfies the lemma. Therefore, ip~ = 0(1) or

1̂ 3 = 0(r"lf) . (U.31)

Putting this back into (2.20c)', the integration yields 

ip3 = &p°r"3 + <p°r“2 - ( g- ip°tfip° + jr ipVippr"1

-  < 4  *2 ^ 0  + W  + 2% + ° ( r > ( h -32a>

Then integrating (2.l8i)' we obtain

ii = - g ®p°r-2 - ^ r ' 1 - g- ip°>S'ip°logr + v°

+ ^  (ip°«\pj -  ~ 3y°^°)r + 0(r2) (U.32b)

The radial equation (2.20d)' can now be written as

= [-3s"1 + 0(s"5)]ip* + 0(s-2) ,

where ip = ip̂ s1*. Thus the lemma applies and we have tp* =0(1) or

^  = 0(r-lt) . (U.33)

With this information we then obtain from (2.20d)' the result
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K  = l ^2^ " 3 + Ĉ 3  ’  ^ 2 ) 2*o] r “2;+

+ ^  + 3*2^ o )r -1  logr + ^ ° r-1

+ 0(1) (U.32c)

The rem aining re la tio n s h ip s  among th e  "constan ts"  of 

in te g ra tio n s  can now he found by s u b s t i tu t in g  the  r e s u l t s  o f th e  r a d ia l  

in te g ra tio n  in to  th e  n o n -rad ia l equations and comparing c o e f f ic ie n ts  of 

equal powers o f  r .  In d ica tin g  on th e  le f t-h a n d  side  th e  equation from 

which th e  re la tio n s h ip  was ob ta in ed , we have the  fo llow ing:

(2 . l 6e ) ’

(2 .1 7 c )’

( 2 . 17d ) '

(2 . 19a ) ’

(2 .1 9 c ) ’

(2 . 21a ) ’

(2 . 21c ) ’
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U = y (4.3U)
,o U ,0 ,0  _o _ X° 2 + iX° 3

*  = f  2 = ^ - 3 ^ )

Y°  -  -  \  |  + ^  *Z° -  Im(a°Z°) (k.3bc)

i°2 = $g (U.3Ud)

y °  = y °  ( li-. 3U e)

= 0 ( .  3Uf)

= -  St;0 (U.3Ug)

v °  = -  + Y°) -  £  ’J ' ^ o  , ( ^ . 3 ^ h )

^  = - tv °  + |  i|»°(80°^ -  3i|»2?J) (U.3Ui)

y°  = -  WLogP = -K (U.3UJ)

$3\|£ = - 3 ^ o  (U.3>Us)

;°0 + 3(y° + Y°)<P° = (^ .3 U )
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The o th e r  eq u a tio n s  n ot in d ic a te d  h ere  y i e l d  r e s u l t s  s im i la r  to  ( 4 . 3*0  

or le a d  t o  i d e n t i t i e s .

We now g iv e  a summary o f  th e  f i n a l  r e s u l t s  to g e th e r  w ith  

th e  m etr ic  o b ta in ed  through  (2 .1 3 ) .

A. T etrad  components o f  th e  Weyl te n s o r :

4>0 = 4-° + 'I'*2’ + 0 ( r 2 ) ( 4 . 35 a )

*1 = '  £  "  t ' ^ o  + 0 ( r2 )  (^ -35b )

4*2 = ^2r_3 + ^  '®’24>° + (^ 2 4̂ q + 2iJ>°|4>°p)r + 0 ( r 2 ) ( 4 . 3 5 c )

4*3 = ^ r -2  -  ^  4'°'®^^“ 1 -  ( ^  ipf f i*)  + 0 ( r )  (U.35d)

4 \  = [ ^ 3  -  (4'°)24̂ r -2  + 4'°2’“ 1 + 0 ( 1 )  ( 4 . 3 5 e )

B. Spin  c o e f f i c i e n t s :

II 1 1 H + 1
45

|*°|2r + j g  Re(^°5^)r1* + O(r^) (U .36a)

1  ,o
= 3 V  ' iL̂ r2 + o 0(r3) ( 4 . 36b)

0 _1 = a r 1 
" 6

-0-0a ili r - ro ■ ~  c i ^ r 2 + O(r^) 12 ro ( U . 36c)

n i p
i 0 1 i—’ + (

1 0.0 
,7  a ip 6 ro - | ^ o ) r+ ( 12 a \  ~  1 5  ^ o )r2+ 0(r3)

( 4 . 3 6 d)

t  = -  «ty*r2 + 0 ( r 3 ) ( 4 . 3 6 e )

X =  ~  "3 ^2^0 + ~  F  + ( 4 . 3 6 f )
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„ = . *°r-2 - nV 1 * 5 f  * X  T * i H o -;■&  *2 l* o l2)r: 

+ 0(r3)

Y = - \  ̂ °r”2 + Y° + “ ■£ Im(a°^°)]r

+ + 20 ^ ^ o l 2 " 15 Im(“0^ o )Jr2+ 0(r3)

v = - il̂ r-1 + v° + ^  " * V 0 -  Sli^^r + 0(r2)

C. Metric variables

“ = ^ ^ o r 2 + ^ ^ r3 + 0(rlt)

U = -  î 0r — 1 + U° -  (y° + Y°)r  _ Tir Re(#2i ° ) r 2 
2 ®

- yj- Re(tf2^ + 2iji°|t|£|2)r3 + OCr1*)

CA = 5 ° V l  + £  + 3J  ^ ° V  + ° ^ 3)

X* = xoA - J  Re(^°An°)r - rjj R e (fA# ^ ) r 2 + 0(r3)

D. Contravariant components of the metric tensor:

oo oA ** °l _ ng = g  =0, g - 1

g 11 = -2[tp°r~1 + K + (y° + Y°)r + Yq Re(,8,2$®)r2 +

-gy Re(>8f2^  + 2<ji°|<Ji°|2)r3 + 0(r4)]

g 12 -  x°2 + I- R e d V ^ r  + Re(<H :)r2 + 0(r3)3 o 10 0

g 13 = X°3 + i |  Im(4fy°)r + i I m d ^ J r 2 + 0(r3) 

g22 = _2p2r~2 _ y- (^° + lj)°) - ( ^  + i£)r + 0(r2)

(U.36h)

( b . 3 6 i )

(it. 37a)

(it. 37b) 

(it.37c)

(it. 37d)

(l+.38a)

(it.38b) 

(it.38c)

(It.38a)

(lt.38e)
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g?-3 -  _ i . L  _ jjj®) _ i  ( ^  -  ^ ) r  + G (r2 ) (U.38f)

g33 = _2p2r -2+ (tj,® + |jj®) + + rj»^)r + 0 ( r 2 ) (^#38g)

E . Line elem ent:

d s 2 = 2[ K - (| -.f SZ° - f  -?Z0 )r + | y ]  au2

+2audr - igpT d?dc + 0(r2) (fc.39)

F. R ela tion sh ip s among the "constants":

o ,o  0 .0 -oj = X = x = ip7 -  0

5°2 * i c °3 P = P

(U.UGa)

(U.UOh)

o 3P 1 _ -0 -o
a = -  = "  f  *1°S » 6 =

U° = y° = p0 = -K = -m o g P

* z °  = -  |  Z°e i  (X°2 + iX °3) r
p

Y° = -  \  |  + f  12° -  Im( a°Z°)

o o , -0  \ 1 ,0^70
v = -'8*(y + Y ) -  g-

= _«u° = £k
3

s  -ifv0 + ^  ” ^K5q)tOn

(U.l+Oc)

(U.UOd)

(U.UOe)

(U.kOf)

(Ir.hQg)

(U.UOh)

(U.UOi)

(U.UQJ)

(U.UOk)
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+ 3(y° + y ° H ° z  = (lr.hO£)

k.2  Analysis of the Empty-Space Solutions

The results of S ection  t.l will again he analyzed with the 
use of the regularity condition P = PQ(l+ l)  and of the properties of 
edth. In particular, Eq. (U.i+OJl) will once more he shown to yield 
the equations of motion of the singularity and the time dependence 
of its internal degrees of freedom.

First, we note that (h.hOk) implies that = which i*1

turn implies that ij>° is an I = 0 spherical harmonic, i.e

i|»2 = - M(u) . (h.l+l)

Now, since Z° and are respectively s = 1 and s = 2 quantities, we
can write

Z° = #V, iJ/° = # 2R , (*r.t2)

where V and R are hoth s = 0 quantities. Substituting (lt.1+2) into 
(t.l+Oe), we get

■ff2 (V -  j  MR) = 0 (UA3)

with the solution

V = -| MR + w , {b .kk )

where w is an s = 0 quantity satisfying the equation

tf2w = 0 (i+. 45)
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If we let <8w = f/P, we can express (^.^5) as 3f/9? = 0, which shows
that f and hence w can he transformed away by means.of the

ii2coordinate freedom ?' = g(u,?■)•■. Therefore, we have

V = | mr . (U.U6)

With the help of (It.itl), (U.UQf), (U.ltQi), and (lt.lt6), we can
now write (h-. UOJt) as

• - P M — — «iM - 3M [ |  ̂  W ( R  - R)] = 99K. ( k . b 7)

or

M - 3M = 9V [K - M(R + R)] ( k M )

Using the regularity condition P = P (l+l) and the expression (3.10) 
for K, (U.lt8) becomes

M - 3M 1° - 3M r— r = (l+l)2tf 9  [(l+l) 2 + (l+l)«T 9  I P 1+1 0 o 0 0o

- 9  I ' 9  I - M2(R + R)]  ( k .k 9 )o o

Then, carrying out the differentiation of the terms inside the bracket, 
we obtain 

• * * 3M - 3M I® - 3M — =■ = (1+1) (# I + 2# I)P 1+1 o o o 0 o o0

- (l+l)20,2I*tf2I - M2(l+I)2«' ® (R + R) o o o o
(It.50)

In principle, this equation can be decomposed into different spherical 
harmonics such that the i  = 0 part gives the time dependence of M, the
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2 • 1 part gives the equation for P q / P o ,  I.e. the equation of notion, 

and the 1 > 2 parts give the time development of the Internal degrees 

of freedom. Due to its extreme non-linearity, however, we are again 

forced to consider only the linearized version of (4.50). Under the 

assumption that P0/P0» I* and R are small quantities, the lineariza­

tion of (4.50) yields 
«

M - 3M |o - 3MI - V 0W  + 2«r0£0I - M2 r̂0?0(R + R) (4,51)
po

Note that since t|t° is expandable in spin-2 spherical harmonics start- b
lng with t ■ 2, R must be expandable in 2 >_ 2 spherical harmonics in

order to be uniquely defined by iji® - 3^R ~  •B'qR. If we now let
*

I ■ 1 *£ and R - £ Ra, then (4,51) decomposes into 
2,-2 2-2

(4.52)

(4.53)

i+1) [2(2+1) - 2]Ia - 8 2(2+1)(R^ + Ra) (4.54)

From (4.52) and (4.53) we see that M is constant (i.e. M - /? km) 

and the acceleration PQ/P0 is zero, while from (4,54) we obtain the 

general solution

l z « e u° {l° - / (R£+ R £)e^ du}, (4,55)

where 1° - I°(5,C) is a "constant" of integration and uQ is given by

ul - - J L —  2(2+l)[2(2+l) - 2] (4.56)
^  3/2 km

h» ■ O M • 0
«

2 - 1 M Eo - 0
Po

2 > 2 L  + -ii  3n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



77

Thus, in the linear approximation, the particle moves with constant 
mass and zero acceleration and with its internal degrees of freedom 
being driven by the incoming gravitational field i(i%r R. In general, 
when the non-linear terms in (U.50) are taken into account, the time
development of I will be governed by R, but M and Pq/Po can no
longer be expected to remain zero.

We now consider how the incoming field and the radiation 
field iji° are affected by the motion and s tru c tu re  of the singularity. 
With the help of the commutation relation ('f'S' - W)n = 2sKn, we can

write (ii.l+Ok) in terms of R as

= 32W R  + 6k$ 2R = 3M ^  (U.57)

which shows how the incoming field is affected by the presence of the
singularity. Linearizing this and letting iJj* = #2S, we obtain

S  R + 6r -  3MS) = 0 U .5 8 )o '  o o

Next, from (1.lOj) we have

+ Y°) -  + S ^ ^ o  "

= &  [“ f- + t  (#z °  + *2°) ] . + ~  <P° -  6K$o),

where use was made of ( k . h O f , g )  and the commutation relation for ■3'
and S. With the help of (i+.̂ Oh), (li.Ul), (U.l+2), and (1+.U6) we can 
express further as

• 1

Ip° = S2 [ |  «t(R  + R) - 1° - ~  ] + M(2Kij:° - M^). ( h . 5 9 )
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In  th e  l in e a r  approxim ation th i s  becomes

i i° « £ 2[2MR + ^  «• 5* (R + R) -  M2S -  i ]  , r it o 3 o o

o r ,  w ith  th e  h e lp  o f ( . 5 8 )  >

• (4.6o)y4- o*» 3 o o J

The second term  in  (4 .60) re p re se n ts  ra d ia t io n  from a 2^-pola source*1*1 

w hile th e  f i r s t  term  rep resen ts  th e  co n trib u tio n  o f th e  incoming f ie ld  

R.

In  th e  t e s t - p a r t i c l e  l im i t  m •> 0 , we o f course o b ta in  from 

(4 .5 2 ) , (4 .5 3 ) , and (4 .55 / th e  u su a l r e s u l t s  PQ/ p0 = 0 1 = °> i , e *

th e  t e s t - p a r t i c l e  moves along a  s t r a ig h t  world l in e  o r geodesic in  the  

re g u la r  background.space. However, i f  we co n s tra in  I  to  be zero 

b efo re  going to  th e  t e s t - p a r t i c l e  l i m i t ,  we get a very  in te r e s t in g  

r e s u l t :  th e  world l in e  i s  no t only a  geodesic but a lso  p a r t  o f a

r ig id  geodesic congruence. To show t h i s ,  l e t  us pu t I  = 0 in  (4,50) 

and decompose th e  re s u lt in g  equation  in to  sp h e r ic a l harm onics. Then 

we get

£ = 0 M = 0 or M = const (4 .6 l)
•  •

£ = 1 M |o  = 0 or | °  = 0 (4.62)
o

£ ^ 2  M2(R+R) = 0  o r  R + R = 0 (4.63)

In  th e  l im it  M -► 0 , (4 .62) im plies th a t  th e  world l in e  is  a  geodesic , 

w hile (4 .63) imples th a t  R i s  pure im aginary, i . e .
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R = i-X , (k.6k)

where x is real. It follows from this that

= itf2* , (^.65)0 o

which shows, by comparison w ith  (2.39) and (2 .Uo) ,  th a t  is  pure 

m agnetic. As we s h a l l  now show, th e  vanishing of th e  e l e c t r i c  p a r t  of 

im plies th a t  neighboring geodesics have zero r e la t iv e  ac c e le ra tio n  

w ith resp ec t to  th e  world l in e  r  = 0,

Given a tim elik e  geodesic congruence, the r e la t iv e  a cc e le ra tio n

between any two neighboring geodesics, Lq and L^, i s  expressed by the
. . k6equation o f geodesic dev ia tio n

t i n ,  (U.66)
D u ^  v  p a

where t^  i s  th e  tangen t v ec to r to  the  congruence o f tim e lik e  geodesics 

param etrized  by th e  proper tim e u ( t^ t  = l ) ,  /  is  a  v ec to r o rtho ­

gonal to  t^  which connects p o in ts  o f equal u value on Lq and L^, 
uvpo

R i s  th e  Riemann te n s o r ,  and D denotes abso lu te  d if f e re n t ia t io n  

along Lq . The tangent v ec to r t^  may be w ritte n  in  terms o f th e  n u ll  

te t r a d  vec to rs  (Jl^, n^ , m*-1, m^) as

+ nM) , U . 67)

and in  empty space RlJVp0 may be rep laced  by the Weyl te n so r  C^vpa. 

Hence, th e  equation  fo r  geodesic dev ia tio n  can be re w ritte n  in  empty 

space as
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.  » . « )
Dll 2 0

where

Cyc . cwvp0U v + nv)(Ap ♦ np) . (U.6 9 )

Note that the symmetry properties of Cwvpa, namely,

Cyvpo " C[yv][po] “ Cpcyv • Cy[vpo] * c Voto " 0 *

imply that CpcT is symmetric and trace-free, i.e.

C,.V *  CM  • ° V °

fl ftMoreover, from the definition C » 2C 0 t t and the antisynsaetry ofyv vGipv

Cya8v over the P®**8 of indices [ya] and [8v], it follows that 
Cpvtw ■ 0yV*V * means that Cpv has no time-like part. With

these properties, Cyv is found to have only five real independent

components. We choose these components to he the two complex scalars, 
01 and ftg, and the real scalar, ft3» defined by

0i- - cpvm V  , n2 -  -cyS>i V , n3 -  -Cyvm V  . (U.72)

Remembering the definitions (2.6 ) and (U.69), we can express (U.72) 
as

-(*0 ♦ *,»)• a3 * * 2  + ?2 (U.73)

Now, let I » 0 and M +  0 ao that the world l i n e  r = 0 becomes 

a  timelike geodesic, which we identify with LQ , and becomes pure 

magnetic, * i'3̂ 1'. Going back to (U.5 8) we find that in the limit
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M •* 0 ,

? x = - 6X » (M 1*)
o  o

which shows that X is an & = 2 spherical harmonic. Then s u b s t i tu t ­

ing ip° = i*S'2X into (1+ .35a)-(i+.35e) we obtain the following values o o
f o r  t h e  iJj ' s  o n  t h e  w o r l d  l i n e  r = 0 .

iji = 11° = i«r2X 
0  o  . o

*2 = i s  *1*1 “

ill = -^ r  <8,3ib°=— i -  ff3* 2X3 2k o^o 2k o o

lb = r̂- ^  « V 2X^  2l+ ovo 2U o oA

where we made use of (^.T^) and the commutation relation (tf & - ># ^)no o o o
= 2sn. (Note that ip̂  was given only to 0(l) in (lr.35e). By adding
another term to i|) , i.e. =ip° + tp̂ r + tp2r2 + 0(r3), we can inte- o o o o o
grate the radial equations further and evaluate the 0(l) in 
explicitly. When I = M = 0, this 0(l) term in 'l’j) is just the expres­

sion given in (i*.75e)«)
Substituting (U.75) back into (^.73), we find that

“ l -  fi2 -  n3 = 0 > (1*.76)

w h i c h  m e a n s  t h a t  C = 0, i . e .)JV

= 0 . (U.77)
Du

= i#2X 0 (U.75a)

= i<fox- (U.75b)

= 2iX (1+. 75c)

=-i^0x (lt.75d)

= i#2X , (U.75e)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



82

T herefore , th e  vanish ing  of th e  e l e c t r i c  p a r t  o f (under th e  con­

s t r a i n t  1 = 0 and in  th e  t e s t - p a r t i c l e  l im it  M -*> 0) im plies th a t  

neighboring geodesics have zero geodesic d ev ia tio n  from the  geodesic 

r  = 0.

As a f in a l  rem ark, we p o in t out th a t  the  q u an tity  mc » which 

was defined  in  Section  3 .1  as

remains conserved in  th e  presence o f th e  incoming g ra v ita tio n  f i e l d

i/i® or R. This can be proven e a s i ly  by d i f f e r e n t ia t in g  mc w ith re sp e c t 

to  u and using  (4.1+8). Thus,

Al/2

c & k(l+7i)3̂ 2

1+A1/ 2 f j *
v ^ k  (1+tt) 3/ 2

[K -  m2(:P •+ S)3dx2s6c3 -  0
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5.0. MOTION IN THE EINSTEIN-MAXWELL THEORY

We now apply our a n a ly s is  o f  motion to  th e  Einstein-M axwell

theo ry  in  which th e  elem entary s in g u la r i ty  in te r a c ts  w ith  to th  incoming

g ra v ita t io n a l  and electrom agnetic  f i e l d s .  The Einstein-M axw ell equations

a re  in te g ra te d  f i r s t  under th e  co n d itio n s , p = - r ”^ + 0 ( r )  and a = 0 ( r ) ,

and th e  so lu tio n s  a re  then  analyzed w ith th e  use o f th e  re g u la r i ty

co nd ition  P = P ( l+ l ) .  The a n a ly s is  here  w i l l  he seen to  he much more o
com plicated than  in  th e  previous c a se s , hu t n ev e rth e le ss  i t  w i l l  he 

shown th a t  hy means of a l in e a r  approxim ation th e  Lorentz-D irac equation 

o f  motion can he ob ta ined .

5 .1 . In te g ra tio n  o f th e  E instein-M axw ell Equations 

As in  Chapter 4«,0,we f i r s t  consider th e  r a d ia l  equations

P «- —
Dp = p + aa + k<jio^o > (2 .l8 a )

Da = 2pc + i|i , (2.18b)

and w rite  cond ition  (2 .70) as

p = -  r -1  + g , g = 0 ( r )  (5 .1a)

a = h , h = 0 ( r )  (5.1h)

S u b s titu tin g  (5 .1 ) in to  (2 .l8 a )  and (2 .l8 b ) and so lv ing  fo r  g and h , 

we o b ta in

83
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- 2 , 0 /  A% , g = r  lg  (u ,x  ) +

h » r " 2 (h °(u ,x A) +

r 2 [ki(> $ + 0 ( r2 )]dr} (5»2a)o o

r 2 [^0 + 0 ( r2 )]dr} (5.2b)

But s in ce  g ,h  = 0 ( r ) ,  i t  fo llow s from (5 .2 ) th a t  g° = h° = 0 and 

iJ>o , <j>Q = 0(1) (see a lso  Appendix B). We s h a ll  adopt th e  assumpti 

111 and have th e  fo llow ing e x p l ic i t  form to  0 (r  ):

a \p° + ^  r  + t|/2 r 2 + 0 ( r3 ) (5 .3 )o o o o

$ = <t>° + (j*1 r  + <f>2 r 2 + 0 ( r 3 ) (5 .4 )0 o o o

With t h i s  assum ption, (2 .l8 a )  and (2 .l8 b ) can then  be in te g ra te d  to  

y ie ld  th e  follow ing expressions fo r  p and a:

- 1  . k i , o i 2 . k / . 07I  . t o ,1 \ 2 p = - r  + - | * J  r  + j  (*0*o + «0<t>0)r

+ ^  ( |* ° |2 + k2 |* ° |U + 9 k O ?  + + 9 k |< £ |2 ) r 30 0  0 0

+ O(r^) (5 .5 )

° = i  * 0 r + i  1,2 + \  (,*'o+ 1 k 0 0 2)1,3 + 0(rU) (5“6)

To fin d  th e  r-dependence o f th e  o th e r v a r ia b le s  we again  make use 

o f  th e  lemma given in  Chapter 4 ,0 , to g e th e r  w ith  (5 .5 ) and (5 .6 ) .

The procedure, as in  Chapter 4 ,0 , i s  to  l e t  s = r  ^ and express c e r ta in  

groups o f th e  r a d ia l  equation  in  th e  form o f th e  m atrix  equation (4 .9 ) 

o f th e  lemma.
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Thus, writing (5.5) and (5.6) as

p = - s  + 0 (s"1 ) (5 .7a)

o = O ts"1 ) ,  (5.7b)

we can express th e  r a d ia l  equation (2 .l6 a )  fo r  £A and 5A as

1
O 

>
00

1 U)

1

*A
5

(5 .8 )

1
*

i

r*A
S *

*A A - 1  , / n \where £ = £ s and d = d /d s . The lemma ap p lie s  to  (5 .8 ) w ith
*A “A = b = 0 , and so we have 5 = 0(1) or

£A = 0 (r ”1 ) (5 .9 )

Next, consider th e  group o f  r a d ia l  equations (2 .l6 b ) ,  ( 2 .l8 c ,  d ,e ) ,  

(2 .2 0 a ), and (2 .2 2 a). The lemma again a p p lie s  to  th e se  equ a tio n s , w ith  

y and A given by
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y =

1
e

*
i

- 1 0 0 0 0 0 1 0 0 0 0 0

u 0 - 1 0 0 0 0 0 1 0 0 0 0

a* 0 0 -1 0 0 0 0 0 0 0 0 0
P

I *

0 0 0 - 1 0 0 0 0 0 0 0 0
*

e 0 0 0 0 -2 0 0 0 - 1 0 0 0

_#
B A = 0 0 0 0 0 -2 0 0 0 - 1 0 0
«

T 0 0 0 0 0 0 - 2 0 - 1 0 0 0
_ r
T 0 0 0 0 0 0 0 -2 0 - 1 0 0

*
*1 0 0 0 0 0 0 0 0 0 0 0 0

_#
*1 0 0 0 0 0 0 0 0 0 0 0 0

*
0 0 0 0 0 0 0 0 0 0 0 , 0

_#

♦ l
0 0 0 0 0 0 0 0 0 0 0 0

- -

= US -2 * -2  * , a = as , 6 = SB-3
tt 

, T s T S-3
>

*

*1
B ♦jB

- k
* and

( 5. 10)

*  - 2(>1 = ♦ ■ . Hence, we see th a t

j . a , ^  = P (r”2 ) B ,t = 0 ( r ”3 ) ^  = 0 ( r -1+) (5.11)

By using (5 .9 ) and (5*11) in  (2 .l6 c ) ,  we then  obta in

3^ = 0 ( r " 3 ) (5 .12)

The r-dependence o f U,Y, \  U, 'I' 2 > and ^  can ”be obtained next by 

applying th e  lemma to  th e  r a d ia l  equations (2 .l6 d ) ,  ( 2 . l 8 f ,g ,h ) ,
^  p  ^  r

(2 .2 0 b ), and (2 .22b). I f  we l e t  U = U s ,  y = Y s , X = X s ? ,
* 6 * 7  * 5V ® ji s , = if/gS , and $2 = 4>2S » th e se  r a d ia l  equations can be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



87

expressed in  th e  form of (U.9) o f th e  lemma, w ith  y and A given 

by

• -
¥i

u -5 0 1 1 0 0 0 0 0 0 0 0

U* 0 -5 1 1 0 0 0 0 0 0 0 0
«

Y 0 0 -6 0 0 0 0 0 -1 0 0 0
_#
Y 0 0 0 -6 0 0 0 0 0 -1 0 0

*
X 0 0 0 0 -u 0 0 0 0 0 0 0
_#
X 0 0 0 0 0 -k 0 0 0 0 0 0

#
p A = 0 0 0 0 0 0 -5 0 -1 0 0 0
_#
p 0 0 0 0 0 0 0 -5 0 -1 0 0
*

H 0 0 0 0 0 0 0 0 -u 0 0 0
_*
h 0 0 0 0 0 0 0 0 0 -1* 0 0

0 0 0 0 0 0 0 0 0 0 -U 0
_*
♦z 0 0 0 0 0 0 0 0 0 0 0 -k

— — - -

(5.13)

f t # # * # *  A
T herefo re , U , y , p , <|ig ,<j>2 = 0 ( l )  or

U, X, = 0 ( r“ ^) y ,p  = 0 (r- ^) tp- = 0 ( r”^) ( 5 .11*)

S e ttin g  ^  = 'J'jS10 we can w ri'be (2 .20c) as

di|i*= [-8 s_1 + 0 (s”3 )]'!'* + 0 (s - 2 ) (5.15)

# a ,  *
which shows th a t  ^  = 0(1) or

* 0 (r" 10) . (5.16)
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Then, from (2.l8i) we find that

v = 0 ( r -9  ) ( 5 . IT)

* 13 z *F i n a l l y ,  i f  we l e t  we can  w r i te  (2 .2 0 d ) as

dt|»* = [ -1 0 s -1  + 0 ( s " 3 )]<jf + 0 ( s " 2 ) , (5 .1 8 )

from  w hich we se e  t h a t  = 0 ( l )  o r

^  = 0 ( r - 1 3 ) . (5 .1 9 )

As in  C h ap te r 4 oO# we a g a in  p u t back  th e  in fo rm a tio n  o b ta in e d

above in to  th e  r a d i a l  e q u a tio n s  and in t e g r a t e  them w ith  th e  assum ption

t h a t  = 0 . Then, by s u b s t i t u t i n g  th e  r a d i a l  e x p re s s io n s  in to  th e  
; 1

^ io n -ra d ia l e q u a tio n s  and e q u a tin g  c o e f f i c i e n t s  o f  e q u a l powers o f  r ,  

we o b ta in  th e  r e l a t io n s h ip s  betw een th e  " c o n s ta n ts "  o f  i n t e g r a t i o n .

The fo llo w in g  i s  a  summary o f  th e  f i n a l  r e s u l t s ,  w ith  L = lo g  r .

A. T e tra d  components o f  th e  Weyl te n s o r :

K  =  ^o + *or  + + 0 ( r3 )  (5 .2 0 a )

v  + f c 2k C O ° i + 2k * o * i -  K  ]

+ 0 ( r t  ) (5 .2 0 b )
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*2 = 2 k |* J |2r ’ U + r ’ 3 + k[*J«?° -  yo~?o 11 , i . o 12i ,o 121 -2

k  7 0 , 0 5 , 0  , 0 / , - r O , O v 2

- * i h  * * * Z + i s K i * K i *  * I

♦ I 2 * x i v » : * i  ^ 2 i *? i2 -  r o  ^  ♦s k i * - !

j. k ,o„-r2 k tO.Oj .o k ,otOs ,,o 53 v3 ia° | ^ | x0 | 2 i
+ S * l * * o  -  3 W  " 2 * 0 ^ 1  -  ¥5  k o 1^11 ]

+ 0 ( r  £2 ). (5.20c)

*3 = -6k2$°4»®I<fcJ12 r \  + 2ki°?*J r ”4 -  r ~ \

+ 3k^°$° r ' 3 + [U k 3?°*J |*® |2 |* J |2 -  3k2* ° U ° )2* i° ]  r " 2 t

To=.,o -1» ,0-tO . o  - 3 .

*3 r~2 + 0 ( r -1  t 2 ) (5.20d)

*k* 12 k3 ( |° * ° ) 2 |* J |2 r’ k L2 -  8 k2* ° |* ° |2?$° r “ UL 

+ [3 k2i°|<|>°|2?$J + k*®?2^  ]r~h + 6^i|(k*®^°)2 r “ 3 h

-  12 k2* ® i° |* ° |2 r~ 3 b + (2k2^ ® U ° | 2 + 2k*°?*°

+ 2k*®*®**® - | k ̂ g h ° | 2 - k^Ujl^lr”3

♦ [6 A j^ ij ) 2̂  - 22 k\tyJ)2|*»|2|*J |V 2 R2

+ [l2(k$°^® )2K -  k -  198 k3 ( i° * ° )2 |<J.°|2 U ° 2
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♦ i 2 -  f  k3 r 0 \*°0 \2 \ * i \ k + ^  k3i ° u ° i 2 u ° i 2? ^

+ 63 k3* °(?°* °)2?*° -  12 k2$ ° ^ ° # 4 °  + j -  3 £ * J k J |2S<£

+ b ^ r j l u l 2 ^ 2* 2 k3^$°((()°)2l f ^  -  6 k2$ ° U ° |2? 2*°

-  k2? J | *® |^S2*® + 2 k2$°<J*Ji<i>"|^° ] r " 2 F. + [^ K  

+ 2 kif0 |* ° |2K -  2 k$°<f>??iC + 5 ( k $ V ) 2K - 6 kO 1 0 1 O l  O 1

+ 2 k ^ ° f3ij)° + 3 k*°*°*° -  + f  k2$2 |* J |U

-  179 ki+ )2 1 ‘2 1 1 2 + ^2~

-  ^ k ^ l ^ l 2?2.!.® + k k3( i° * ° )24>°**° + 85 k3($°*°)2$°?<|>° 

- M k V j ^ l 2 ! ^ ^  + k2|° * ° U ° |2tfj£ + 5 k3^ 2U ° ;2 |< ^ |2

-  18 k2r u ? | 2t 2<  -  8 k2* V * 3 °? * °  -  k$°?4°*riji°o 1 O O X O l  x x o

+ 2 k V ? ° ( 0 2€  + T k2^ V ( $ ° ) 2?$° -  28 k2?°5°?*®?(fr®o o . x  x O 0 ± X O X O J.

19 , 2-2i ,0\2^..0 , 16 . 2t o ,0| ,0 |2 „ t°  . 7 A 0! 0 I *°12«*9- —  k + j “ k *0*1 I*1I **Q + 7 k ^0*3_ I I

- k2ij)° | #<j)° | 2 + 2 k'S'$°?2(j)° + 3 k2$° | <j>° 12f$2 - j|

+ | ^  + ° * J |* J |2ff?® ] r " 2 + 0 ( r_1 h3 ) (5.

B. T etrad components o f th e  Maxwell te n so r:

$ = <j>° + <jj2r 2 + 0 ( r 3) (5 .21a)
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^  r ' 2 -  k * X | 2 i  * I |  k » ° |* ° |2 -  \  ?*°] -  k*°*2^ r \

-  £ > » ? & -  i  ? *o - i i o  k2* ? i* ° i1'] '-2

+ 0 ( r3 £ ) (5.21b)

*2 = -2 ki°(<fr°)2r“2 b + r"2 + <fr°:r_1 + *°(ki°<l>°)2 i ?

+ t k # X  -  |  * °(M °*°)2 ]i, + [ |  ? 2*° * k ? X I * ° | 2

1 J.0flr7° 5 ^tO,o5 ,o k -r2/,Ov2 13 O /.tO o,2
" 12 + l ^ o  " 2 kW V + 2 V V  + 3  V kW

- k|<j>°|2ir<|>° ] + 0(r£) (5.21c)

C. Spin coeff ic ien ts :

p - r ’ 1 + | U ° | 2 r  + 55 [ k ° | 2 + k2 U ° |U + 9?°0)2 + 9 ^ 1  r 3 + 0 ( r U)

(5.22a)

0 = | ’J'o1' + t * ¥  + [ X  + f? k* X |2]r3 + °(rU) (5’22b)

a = r ”1 L + o °r -1  -  j -  | <|>° | 2 r  b + — [k- a0 1 <#>° | 2

- t 5°?o + t k2O X i 2 - l * X  * k?o*i1 r * 0 ( A )
(5.22c)

-o  -1 k .oto.o _ , 1 r1 o .o  k - o | ,o | 2 1 s ,o  
B = _« r  -  j  *0*0^  f  6 + 2 [3 8 *0 " 3 “ l*0 l " f  ^ o

+ f  k* o O ° l + t  *o^l  ̂ r  + 0 ( r2 i)  (5.22d)
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t = k *°5° r"1 £ -  |  U°5°4>° + k ^°?°k ° l2]r £ + |  [ |  k2 *°5°|»°12 

+ |  k J  * * l -  |  + I  k O l  3 r + 0 ( r 2 £ )  (5 .2 2 e )

X = - ( k  » ° * ° )2 r - 1 £2 + k [? °S * °  -  |  5 ° |* ° |2 3r- 1  £  + x V 1

-  tk -  i  -  f- ^ | * ° | 2 3 ♦ £  (?0*l)zU°f - *2

* |  [k2* » ( ? ° ) 2?* “  -  f  k 3 ( ^ ° ) 2 i+ ° i2 -  § *  k 2 OoXl2
♦1 ox+!2oo2< -2 k2 o2<o2ir £
+ 1  tk + 1  O ^ o + 1 k2 O X > 2 + ¥  k3< 0 ! )2i 0 8

* 1k2 oo v/ - §k k - s oi -1 oo2 - fk ox
- 1  O X  - a  O X  - 3 k2 O O X  - 2 k2 O O X  ]r

+ o(r2 i.) (5.22f)

y = -k  | <|>° | 2 r -3 -  t|3° r “2 + [ k -  k k2 1<()° | 2 1 <j>° | 2] r " 1 L + y V 1

k , 0 | . 0 |2   ̂ 1 .0 /.  r o ,0x2 -2 1 r .2  . 0 | . 0 | 2 -0
-3 * 2 '* o l  3 *o(k V l *  r L Z  [k +ll*o» r*o

* k O X  -  5 *°(k?°+°)2 -  >• k3 ! ^ ! 1*!*” !2 ♦ I  k ? ° * X

- | y®|a |*;i* - 3 k2 3 r £ ♦ I  [ - k |* ° |2K

+ 1  *2 O O X  -  I k O X  - k O X + § k2 O 8 ' 0 8
I.

-  ■ § k8 O X i 2 - k  + X + 1  * X  - k  O O X l r

+ 0 ( r 2 i,2) (5•  2 2 g )
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, | .o 12 -3  1 ,o -2  .2  i.o 12 iiO |2  _ - l  .2y = -k|<f»1 1 r - g ij»2 r - k | 4 > o | r L

+ 2k Im(a0?°*J)r“ 1 b + [k2 U ° | 2 | * ° | 2 + k + 2 50$;°<f.°)]r_1

+ Y° + 5  l ^ W " ^ ) 2 + k3|*°|l,| ^ | 2 ] n ! t [ | ^

♦ £  0 0 X  * !  O X  - 1 “X i ' X i 2 - 1 o ? > 2

, 2  to,2 |,oi2 k ,ot2 i,oi2 , k T f - c  tO.CtO., -o?o ,o i , o i 2»-i T
- k  " 2 I'J’iI + 3 I m ^ a K W k  a  W h '  1

♦ [ f e  ♦ f | * J / | 2 * $ ,  M O ^ I *  ♦ k3 !* " !1*!*"!2

♦ I  * > O i > 2 - 1 O X  - i l * 2 O O X  - is X ' O X

7 , ro.o^.o 7 , -Os .2 k ,o„t2 . 7  ,2  ,ot2 i.oi2
- 12 k o 1 o “ 12 k *ir*o " 1*2 *1 ^ 0  + 20 k o d 1

A 6 7  , 2  To , 2 | , 0 | 2  ^ , 2  o . o t O i ,0 ) 2  . 7  . o.OtO.o
+ 20 k V o ^ l 1 + (2 k o + g k a

- r  a°&4i° -  |  a°<f>°£$0 + ~  k a°<|>2$° )]r + Otr2 i) (5 .22h)4 0 < i  O O c  J 1

V = 3 k2 5 ° * J k J | 2 r" 3 t + [ k2 - k i°§4>° ]r~3

+ 2 k r ' 2 b  -  |  [?4>° + 2 k 4-°*° ]r" 2

+ k3 $°4>°|4>°|2 |<f>°|2 r" 1 £3 - k2 [$°(<f.°)2ff?° +

- k [2 k + 5 k2 ^ i k ° | 2 |t>i| 2 - 5°*1K “ 2 k 5o U 1 )2^ o

-  |  * X $X |2  11,-1 *  ” t?K _  ̂ k ?o* lK + 53 k3 O l l O 2 ^ ? 2
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-  r k2 ~ *> °i\2K  - 5 k2 -  F k2 * ° l* o l2?^

+ 2 W5°t«p° + 2 k ^  k2 *°*°$®|<l>®|2 -  1

-  k |* ° |2arii;® -  |  k2 i ^ ° k ° | 2 ] r _1 + 0 (£3) ( 5 . 22i )

D. Metric variables:
to = -k  £ + k <|>°$°+ -  U k2 ♦ J J | * ° | 2 -  f  k

+ 2 k<J.°«-5° -  6 k<|>2$? ] r 2 + 0 ( r 3t )  ( 5 . 23a)O O 0 1

U = - k |<(>°|2 r - 2  -  *° r _1 + k2 U ° |2 |<j»°|2 t 2 -  2 k2 | * ° | 2 |«|>®|2 L

+ U® -  (y°+Y°)r + Ret |  I< t> ° |^ I1 2 + ^ ( k

k2 70 U°12Sa°  o. fc2 x ° t2 | , ° | 2  k , 0 7 0 ^ 0  i 2 ,
-  +1 I*0 I **0 * T  V o  1*11 " 12 *0*1 ^ 0  Jr *

♦ s.t| t  * I  * x * * l + 1  O X  * I  *2 O O X

-  i s  o °  -  s  k i 2 -  h  * i o 2 i o 2 -  &  “X i X i 2 -  s  o * o ? > 2

-  k2 ^ 5 q U i |2 I1*2 + °<r3 L) (5°23b)

SA - «0A r"1 * |  £ # “  ♦ k U j l ^ l r  * ♦ J *  r2 . fe [*2|“

* is  *aK lV A ♦ Jh<iV» ♦ }  k *“i*:i¥A * k f°*0V A

+ k <J,°?2e0A ] r 3 + 0 ( rU) (5.23c)o o

X4 = - 2 k  Re(?Oij.°€0A)r"1 L -  2k R e ($ V 5 ° A)ru l  + X0A OX o x

- | R e [ ^ ^ ° 5 OA + k ?°4>°|4»°|25OA]r i. + £  Re[6 k$2<J>°C°A 

+ 8 k2?°4>°|4>®|2 + T  k *o*o*l " **o " 2 k* X  l r  + 0{r2i,) (5.23d)
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E. R e la t io n s h ip s  betw een th e  ’’c o n s ta n t s " :

0J° = = 0 , T° = 5° + 3° = 0 (5 .2 lta )

?02 = ^ 0 3  = _ p (Uj? J )  } P = p (5.2j*b)

K = logP (5.2U c)

o 9P k t o ,o 
°  "  3? ”  2 * o * l (5.2U d)

X° = k -  ( k * V ) 2 0 1 o 1 (5.2l»e)

X02 = |  (Z° + Z °) , X03 = | j -  vZ°-Z0 / (5 .2U f)

« rz°=  2k * ° i°  -  -  k ^ | 4>°|2 (5 .2 ltg )

U°‘ = -K + f -  k2.[*® |2 |* J |2 -  2k*J*?° -  2 k ^ °  (5.2U h)

y° = -K + 8 k2 |<J.°|2 |(j»°|2 -  2 k < f ^ °  -  k (5 .2 U i)

Y° = -  | |  + + |  + \  ^ Z°^ lo g  P) (5 .2 l t j)

|0  TO 
2 = 2 (5.2U k)

2 k  4>°*° -  2 (5.2l»£)

= " 3 k* o l<(,l |2 (5.2l«n)

= -k  ? ° U ° ) 2 -  io l o  d o l (5.2U n)

5a.,o  ^ .0 . 1  12 . , 2 i .o i 2  x /  , ; 0  0 - . 0  
m o= “ 3 2 o -  “  k * o l* l l + 6 1 V l ^ o

+ 2 k<J>°$°^° + 10k<{i2̂ °  -  6k?S ty2 0 1 0 O 1 1 o

m i ,°7 <?Su.0 . 2 ,o 1 ,o 12 1 , o 12 -  10ktPo^ o + - j r  k * |* o | 1^1 (5.2l»o)
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* fK -  3 k |% ° K + |  + |  k

... , 2  , o ^ q t O i , 0 !2  , 2  - 2 . O i , o i 2 k  , 0^ / 70-70*
+ 3 k V o ^ l l di! - k V l ^ l 1 " 2 V (V  1>

-  15 k - ¥ ° |* ? !S*<I>° -  3 ^  k2 $°|< j£ |2?<|>° -  3 k25 ° (* J )2»5®

+ T k i  V i ' l ^ l 2 ! ^ ' 2 (5 -2^

P. Differential equations:

| 2 -  2 ~  4>° +  1; L t f U ^ z 0 ) +  # U ° z ? ) ]  =  ( 5 , 2 5 )

ig  -  3 I  Mg + k | ^ ° | 2 + I  ^ [ f i °  + ra° ] + I  LZc^ g  + 2 V ^ ]

= -# X  + 3k[*?*(?°K) + + k$°$:
a/( O X U b b

k : ,■' • * 2 - 0  . rs,2 ,0-i , 3 , r j . a i rT0 «-70  j.+  1- . p , ■ "ff  11 +  ># ip +  -. kLf>.,tf<?.1'Sty +  <P , v i p .  <yi) Ji« .1. * o o k 1 1 o L -  o
k t . 0“Oe2 O , 7 0 1 Ojji2*fO 1 3 » r i  • ]

♦  — lY •K ’*  4>, + O - , #  i -  o  <J>_ +  3> 't.! <. .  L O i l  c; 1 0  „.. O

-  36 k j ^ i  |* ? | K + f - k ' i ; ^ ; ' ^ , r 5 ° )  + !
O X  £ J.  O X  J. O  .L

+  3 k 2 [ U ° 4 T 4 ° ) 2  +  -  |  k 2 l<j>?|2  [ * ° 5 ° - 5 * °  +  5 V )S ‘5 ? ]
•i v  x  C' d  X 0  0  1  O O l

♦ -A 1 1 J i o5- O I <- I « 2 r ,OtOm" J&,0 . “ O i  Onl, O. a ^ O 1
T  9  rt. 4* • +  ~  k  ‘ (j) # & , ,  +  m  # £ . .  J' o !• fc Y. 1 > Y1 ro 1 o 1

+ 1 8  k2 ; * ° ^ ! 2  + 3  k2 i? 0 '<j>°/^2^0 + 11 T0 ‘ o 1 o o 1 o

:> . ?• c ; 2  r OtOmtO . t>?. o . ^ . O i  225 . 2 1 , o ■ 2i . o j2, ,o „ - o  . To« .o  i- -j- k |$. | I* * 3U + p 4> ,*<p \ ---—  k 4 | |$, L<i>̂ 4i + $.#>)> J
• *j  x  o  u  x  u  £. u  -  1 . 0  x  C*

— .*? . 3  i •’ I 2  * . o , "*0, o »2 ~c • 0'~ ‘j  \  c. ■» .  1 , * V 0 t 2  “ 0 , 2  \
-  —  k | * J  + V V l 1 3 -  15 k :.-,o^o + <̂l»0 ]

-  | i  k 3 [ i j ) ° j 2  U ° ( $ ° ) 2t $ °  +  +  1*23 kUj * £ |U! * J |U

( 5 . 2 6 )
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5,2 . Analysis o f th e  Einstein-M axw ell S o lu tions

The r e s u l t s  fo r  th e  Einstein-M axwell theory  obta ined  in  Section

5.1 a re  obviously many times more com plicated and n o n -lin ea r than those

fo r  th e  prev ious cases . To e x tra c t from th e se  r e s u l t s  th e  equations

o f motion and th e  tim e dependence o f th e  in te rn a l  s t ru c tu re ,  we s h a l l

th e re fo re  have to  adopt a l in e a r  approxim ation once more. As in  previous

c h ap te rs , we s h a l l  impose th e  re g u la r i ty  cond ition  P = PQ(l+ l)  and

assume th a t  P /P  and I  a re  f i r s t - o r d e r  q u a n t i t ie s .  In  a d d itio n , we o o
s h a l l  ca rry  out th e  an a ly sis  only to  f i r s t  order in  th e  coupling constan t 

k.

We s t a r t  by noting from Section  3 .2  th a t  in  th e  R eissner- 

Nordstrom so lu tio n  <j>° and a re  re la te d  to  th e  e le c t r ic  charge 

and th e  mass, re s p e c tiv e ly , by means o f th e  equations <j>° = e and

k m. Hence, in  th e  g e n e ra liz a tio n  o f  th i s  so lu tio n  to  th a t  

o f th e  f u l l  Einstein-M axwell equations ob ta ined  in  Section  5.1» we can 

expect th e  k-dependence of 4>° and to  be o f  th e  form

<J>° = Q + 0(k) (5 .27)

= kW + 0(k2 ) (5 .28)

Next, r e c a ll in g  th e  sp in  weights o f <t>°, 4»g , and i|/°, we w rite  these  

q u a n t it ie s  as

-  arA , ♦! = ?B , 1|£ = S2G (5 .29)
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where A, B, and G a re  a l l  sp in -v e ig h t zero  v a r ia b le s . In  our

l in e a r iz a t io n  procedure, we s h e l l  assume th a t  A, B, and G are  a lso  f i r s t -

o rd er v a r ia b le s  l ik e  P /P  and I .o o
Now, i f  we s u b s t i tu te  (5 .27) in to  (5 •2km) we f in d  th a t

= 0 (k ) ,

which im plies th a t  Q 85 E(u) + 0(k) o r

= E(u) + 0(k) (5 .30)

Then, s u b s t i tu t in g  ifi® = in to  (5.2ko)  and using th e  commutation 

r e la t io n  fo r  9  and we o b ta in

ttf3G ■ #2tf?G + 6kA  « 0 (k ) .

In  th e  l in e a r  approxim ation th i s  becomes

9  (9  9  G + 6G) -  0 (k ) , (5.31)o o 0

which im plies th a t  G a* R + 0 (k ) , where R i s  an SL -  2 sp h e r ic a l sp h e ric a l 

harmonic, i . e .

-BT ?  R = -6R . (5-32)O 0

Thus, tjj° i s  approxim ately given by

i° » -tf2 R + 0 (k ) . (5.33)Yo o
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Using (5 .30) and (5.33) in  (5.2Un), we then  get

Sp-k « -  I  <;R + 0 (k ) , (5.3U)0 3 o

th e  homogeneous p a r t  o f which has th e  so lu tio n  A = F where F i s  an 

£ = 1 sp h e ric a l harmonic. Hence, th e  complete so lu tio n  of (5 .3^) i s

A «* F -  |  ER + 0 (k ) , (5 .35)

which means th a t

<j>° « Jg F -  i  B»T R + 0 (k ). (5 .36)0 0  3 0

From (5 - 2i+g) we f in d  next th a t

#Z° = 0 (k ). (5 .37)

As in  th e  d iscu ssio n  lead ing  to  (U.U6), th e  so lu tio n  to  th e  homogeneous 

p a r t  o f  (5 .37) can be transform ed away by means o f  th e  coordinate 

freedom c ' -  g (u ,? l .  Hence, we have

Z° = 0(k) (5 .38)

L ineariz ing  (5 .25) we then  ob ta in

?  B “ -E + 2E *o + 2 El + 0(k) (5 .39)
0 0  —

o
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I f  I  i s  assumed to  have a s p e c i f ic  £-v a lu e , i . e .  # ^ 1  = -LI with  

L = we can decompose (5 .39 )  such that

p
B =-E —  _  ~  I  + 0(k) (5.^0)

o

and

E = 0(k) (5.^1)

The l a s t  equation  im plies th a t

E ■- e + 0(k) , e = 0 , (5 .^2)

where th e  constan t e (assumed to  be r e a l )  i s  ju s t  th e  charge o f the  

p a r t i c le .  With th i s  r e s u l t ,  (5 .3 0 ), (5 .3 6 ) , and (5.**0) become

= e + 0(k) (5.**3)

4, ° *  F -  f  *  R + 0(k) (5 .1*1*)o o 3 o

B = - e ^ £ -  2e I  + 0(k) . (5 .^5)
Po L

I f  we then  s u b s t i tu te  th ese  r e s u l t s  to g e th e r w ith  (5.28) in to  (5.2U ) 

we o b ta in

tfW = 2e«‘(e + 2 e I )  + 0(k) (5 .^6)
Po L

which has th e  genera l so lu tio n

W= M(u) + 2e2 fo  + It I  + 0 (k ) , (5 .^7)
P L o
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where M i s  th e  so lu tio n  o f th e  homogeneous p a r t .  Thus, i s  given 

by

2 .
ip° « -k(M + 2e2 ~  + h |  I )  + 0(k2 ) 

o
(5 M )

F in a lly , we consider th e  l in e a r iz a t io n  o f (5 .2 6 ). S u b s titu tin g

in to  t h i s  equation th e  expressions fo r  <|>°, , ij>°, and ^  , we

o b ta in  to  f i r s t  o rder in  k

_ >l
P.

k M + 2ke

2 .

o - - 3 k ( ^  * ^2 ! °

+ 1+1- I  ) = «?K -  3ke[‘tf(K?A) + K-TA)]
ii

ke (9 pi r R  f r * 2R) + 0(k2 ).
2a

-  "T p (5 .^9)

A fte r using (2.62) and (3 .10) and l in e a r iz in g ,  th i s  becomes

P "2 2 P. ot o £ \  , ke •• o
k M + 2ke ( = r  + |  )  + ^ 1 -  3kM ~  -  3k

o o
MI

= t f ? # ? I  + 2 # ? I -  3ke# ?  (F+F) o o o o  o o  o o
2

+ ke2#  9  (R+R) -  ^ r -  (#2# 2R + -ff2# 2 R) + 0(k2 ) (5 .50)o o 4 0 0 0 0

Since F and R are  sp h e ric a l harmonics w ith  i= l and 1-2, re sp e c tiv e ly ,

and s in ce  #  #  I  = -L I , (5.5C) can be s im p lifie d  fu r th e r  to  y ie ld  o o

'P_c • -2 -
a” 
o

2 ..
k M . 2ke2 ( ^  + | )  ♦ 3k M —• -  3k MI 

o

= L(L-2)I + 6 ke(F+F) t  12 ke2 (R+R) + 0(k2 ) (5 .51)
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I f  we now decompose t h i s  i n t o  i t s  d i f f e r e n t  A -v a lu e s ,  assuming  

i s  an 1=2 s p h e r ic a l  harm onic, i . e .  L = 6 ,  th en  we g e t

£ = 0 M = 0 (k)
• **

£ = 1 M ^  = -2e(F+F) + |  e2 ( ~  + | - )  + 0 (k )
o o

1 = 2 |  k e2I  -  3kMI -  2l»I = -1 2  k e 2 (R+R) + 0 (k 2 )

From (5 o 52) i t  fo llo w s  t h a t

M = / 2 ~  m + 0 ( k ) , ( 5 .5 5 )

where th e  c o n s ta n t  m can he  i d e n t i f i e d  w i th  t h e  mass by comparison

w ith  th e  e x p re s s io n  f o r  ^  in  th e  S ch w arzsch ild  s o lu t io n .  S u b s t i tu t in g

( 5 .5 5 )  i n t o  ( 5 .5 3 )  and (5 .5*0  we g e t

P P "2
J T  m - f -  =  -2e(F +F ) + |  e 2 ( ~  + | - )  + 0 ( k )  ( 5 .5 6 )

o o

' - |  k e2I  -  3kv/2~_ mi -  2k l = -1 2 k e2 (R+R) + 0 (k 2 ) (5 .5 7 )

In  t h e  l i m i t  k-K), (5*56) becomes

*^“ m ^  = -2e(F + F ) + |  e2 . ( 5 .5 8 )
o o

The second term on t h e  r ig h t  has a lrea d y  been  shown i n  (2 .6 8 b )  t o  b e  

e q u iv a le n t  t o  t h e  Abraham r a d i a t i o n  r e a c t i o n  f o r c e ;  t h e  f i r s t  term w i l l  

now be shown t o  be e q u iv a le n t  t o  t h e  Lorentz  f o r c e .

t h a t  I

(5 .5 2 )

(5 .5 3 )

(5.5*0
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I f  th e  Lorentz-D irac equation  given in  (1 .8 ) is  expressed in  

term s o f a param eter which i s  / 2~~/2 tim es th e  proper time on an a rb i t r a ry  

tim e lik e  (reg u la r)  world l in e  in  Minkowski space, i t  becomes

^2 n ? p = 2e i vFVV + |  e2(£P + |  l 2kV),  (5 .59)

w ith

i \  = 2 . ( 5 . 60 )

M ultip ly ing  (5 .59) by and using (2.U 6b), we get

J T * .  ^  = 2 .F VV „  + f e 2 ( ^  + f ~ ) '  (5 ' 6 l)

Now, sin ce  can be w ritte n  in  term s o f th e  t e t r a d  v ec to rs  S.y and

n as v

£ = I + nv v v

and s in ce  FV,J i s  antisym m etric, then

Fvv*£ 2, = Fvy£ n = -Fwva n . (5.62)y y v y v

But from th e  d e f in i t io n  o f g iven  in  (2 .9 ) ,  we have

Fpva n = (j), + i .  .y v T1 1

Hence th e  f i r s t  term  on th e  r ig h t  o f (5 .6 l)  can be expressed as

2eFvy5vay = -2e(^ 1+51 ). (5 .63)
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Now, consider th e  f la t - s p a c e  l im it  (K = 1 , I  = ij/ = 0 , a = 0 ,1 ,2 ,3,M  

and th e  te s t-c h a rg e  l im i t  ($° * 0) o f th e  Einstein-M axwell so lu tio n s  

obtained in  Section  5 .1 . In  th i s  lim itin g  case th e  world l in e  r  = 0 

becomes a  re g u la r  w orld l in e  in  f l a t  space, and th e  value of 4^ on th i s  

l in e  can be seen from ( 5 . 21b) to  be

a = _ — % 6°
V1 2 ovo *

where <|>°, according to  ( 5 . 2kn), s a t i s f i e s

*0*1 = 0 •

I f  we again  l e t  (j>° = -3^A, then  (5 .65) im plies th a t  A i s  an £ 

sp h e r ic a l harmonic, i . e .  A = F. T herefore , (5 .63) becomes

2eFvu5 & = eff ?  (F+F) = -2 e(F + f). (5 .66)v p o o

S u b s titu tin g  th i s  back in to  (5 .61) we ge t p re c ise ly  (5 .5 8 ). Thus,

we have shown th a t  (5 .58) i s  equ ivalen t to  th e  Lorentz-D irac equation , w ith

th e  e x te rn a l f i e ld  given uniquely by th e  £ = 1 component of (#0$q + ^<{1° ) .

F in a l ly ,  we see from (5.57) how th e  in te rn a l  degrees o f freedom 

are  d riven  by th e  incoming g ra v ita t io n a l  f i e ld  to  low est o rder. Without 

the  incoming f i e l d s ,  th e  two equations ( 5 . 56) and ( 5 . 57) of course reduce 

to  th e  l in e a r iz e d  RTM equations o f Section  3.2 and le ad  to  th e  so lu tio n s  w ith  

unpleasant runaway fe a tu re s .  I t  would be in te re s t in g  to  look in to  th e  

h igher o rder ex tensions o f ( 5 . 56) and ( 5*57) j  bu t un fo rtu n a te ly  we do not 

y e t have a s e lf - c o n s is te n t  approxim ation procedure fo r  analyzing ( 5 . 26 ) 

to  h igher o rd e rs .

(5.610

(5 .65)

= 1
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6 .0  SUMMARY AND CONCLUSION

We have presented here a new approach to equations of motion 
in general relativity, in which motion is analyzed in terms of the 
structure and behavior of a family of null cones emanating from a 
special class of singularities, called elementary singularities.
By means of this approach we were able to give an intrinsic description 
of the motion of a singularity in its own space-time, with no ref­
erence to a regular background space. The basis for our approach was 

the condition

p = _ i  + 0(r), a = 0(r),

which we imposed on a family of null hypersurfaces u = const in 
Riemannian space. This condition made it possible to define a fun­
damental 2-surface (F2S) whose metric is specified by a function 
P = P(u,5,£). By assuming that P = Pq(1+I) we were able to give an 
alternative mode of describing motion, in which Po/Po is identified 
with acceleration and I is interpreted as internal degrees of freedom. 
We then showed that if the Weyl tensor is singular on the line r = 0, 
Einsteinfe field equations yield differential equations governing the 
behavior of the F2S, from which one could extract equations of motion 
for the singularity in terms of Po/Po as well as equations for the 
time development of its internal structure I. In particular, we 
analyzed the motion and structure of singularities in three cases:
(1) the Robinson-Trautman solutions and their charged counterparts,
(2) a general empty space, and (3) the Einstein-Maxwell theory. To

105
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lowest order several interesting results were obtained, of which the 
most significant one was the derivation of the Lorentz-Dirac equation, 
with the Lorentz force appearing in terms of a unique background field 
and the Abraham radiation reaction force arising unexpectedly without 
any mass renormalization or ad hoc models. This derivation of the 
Lorentz-Dirac equation from the Einstein-Maxwell theory plus the dis­
covery of an internal structure I for an elementary singularity constitute 
the major acheivements of our approach to equations of motion.

In conclusion, we would like to point out several directions 
in which the work presented here could be extended. First, one could 
study the effects of the non-linear terms on the equations of motion.
It would be very interesting, for example, to find out whether the 
non-lihear terms could stabilize the.behavior of I in the RTM solutions. 
Secondly, though it appears that our method does not allow the Weyl 
tensor to have r-1* singularities corresponding to an intrinsic dipole 
moment and angular momentum, it might still be possible to introduce
angular degrees of freedom corresponding to spin or angular momentum
by replacing condition (2.70) by

p = " r + iVu,?,") +0(r)’ = *

Finally, one could possibly generalize this work to a system of more
than one singularity and investigate the interactions between, say, 
two singularities.
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APPENDIX A

We want to prove here (without use of the field equations) 
that the 2-surfaces, u = const and r = const, possess a metric given 
by

S 4 B = ' - r ® S B  +  « & B = «!SB <U ’ * C ) - <2 - 7 1 1

Since the metric tensor g of space-time satisfies the relation

h u  8"“ -  C  • (A-1)

it follows for the case a = A and 6 = B that

yA _ 0A 1A CA _ .A
gBy 5 “ gB0 S gBl g SBC g B

(A.2)
But from the form of the metric given in (2.13a) we note that g^A = 0 
and ggl = 0. Hence (A.2) Becomes

CA _ „A /. o \gBC g B 5 (^.3)

which implies that g ^  transforms as a 2x2 metric. We also note 
ABfrom (2.13h) that g is given by

AB , _A?B , ?ArBx ,, Mg = -(5 5 + £ 5 ) • (A.A)

Now, in Section 4.1 it is shown that the metric equation

D?A = p§A + a l k , (2.l6a)
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to g e th e r w ith  th e  co n d itio n s , p = -  r " 1 + 0 ( r )  and a = 0 ( r ) ,  leads 

to  th e  r e s u l t

-A wOA i A/ %5 = £ r - A + 0 ( r ) , (^.13)

where £oA = ?oA (u , xB). S u b s titu tin g  th i s  in to  (A.U) we ob ta in

g*3 = -  U oA§oB + 5OA5OB) r "2 + 0 ( 1 ) (A .5)

or

where

AB o Aft o ® AS oAB / C > /« s \5 =-2 g r “2 + 0 ( l ) , g = g (u ,x  ) (A.6 )

°AB _ (E°AE°B + £oA£°B)
8 ~ 2 (A.7)

I f  we then  w rite  (A.6 ) in  m atrix  form

AB.
2 g22 r “2 + 0 (1 ) 2 g23 r -2  + 0 ( l )

2 g23 r  + 0 ( l )  2 g 33 r~ + 0 ( l )

and tak e  th e  in v e rse , which from (A .3) i s  given by g^g» we ge t

8Ab "~ 2 eAB + » (A.8 )

where

133
g22 -

(g22! 33 -  I 23! 23) (A.9a)
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£22
33 ( ° 2 2 ° 3 3  _ ° 2 3 g 2 3 )

(A.9b)

- b 2 3
523 ~ ( | 2 2 | 3 3  _  g 2 3 | 2 3 )

(A.9c)

This proves Eg. (2.71)*
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APPENDIX B

In Chapters h.Q and 5*0 i t  was shown th a t  the  condition  

(2 .T0 ) ,  namely, p = -  r " 1 + 0 ( r )  and a = 0 ( r ) ,  led  to  th e  r e s u l t  

th a t  t|» and.<|>o must he re g u la r  functions near r  = 0. Here we s h a ll  

consider t h e . inverse  problem o f f ind ing  p and a under th e  assumption 

th a t  'PQ,.= 0 ( l )  and = 0 ( l ) .

Consider the  r a d ia l  equations (2 .l8 a ,b )  fo r  p and a>

Dp = p2 + a a  + k $ $

Da = 2p a + ip

(B .la)

(B .lb)

I f  we l e t

p 0 kd> d> \L rOrO 0
H = J =

0 p_ ii kd> d>0 ro 0 (B.2)u u

we can. express (2 . l 8a) and(2 . 18b) in  th e  form

DH = H2 + J  . (B.3)

P u ttin g  s = -  V r  and d = *^/ds, th i s  m a trix  equation becomes

dH = -  s “2 (H2 + J) . (B.U).

To solve fo r  H asym pto tically  fo r  la rg e  s ,  we s e t

H = s 2 (dY)Y-1 -  I  s ,  (B.5)

110
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where I is the unit matrix and

Y =
y i  y 2

yl  y2

i s  a non-singu la r s o lu tio n  of

( B . 6 )

s 2' dY = (H + I  s)Y (B.7)

and hence s a t i s f i e s

d2Y = -  G Y , G = 8“  ̂ J  . (B .8 )

Now, by a theorem from the  theory  o f d i f f e r e n t ia l  eq u a tio n s , 1+5 i f  

th e  m atrix  elements G ^  o f G s a t i s f y

s jG ^ ld s  = 6 (1 ) (B.9)

then  th e  asym ptotic behavior of th e  so lu tio n s  to  (B .8 ) is  given by*

dY = A + o ( l)

Y = sA + o (s ) ,

(B.10)

(B .l l)

where A is  a constan t m a trix . Since iJi , <j>o = 0(1) by assum ption, 

then  G = 0.(s-1*) and so the  theorem a p p lie s . S u b s titu tin g  (B .l l )  

and G = 0_(s- l t ) in to  th e  r ig h t  s id e  of (B .8 ) we get

* ■ ,.A\ _  lira  -  o fo r  each u ,x A.f ( s ,u ,x  ) = o [g ( s ) ]  means
S - X » g(s)
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a 2 Y = -  s G A + o( s - 3 ) = Q_( s” 3) .

Then in te g ra tin g  th i s  tw ice and comparing w ith  (B .10), we ob ta in

d Y = A + 6 ( s - 3 )  (B.12)

. Y = s A + B + oCs"1) . (B.13)

We can now go back to  (B.5) and so lve fo r  H. Thus, we have

p a
s2

dyi y 2 - y2 s 0

0 P = m
dy2 ; y! yl 0 s

which y ie ld s

s 2(y2 dy1 -  y1 dy2) -  (y1 y 2 -  y2 y ^ s
P = (B.lfc)

a =

y l  y 2 " y2 yl

s 2 (y3. ^ 2- '  y2 ^ (B.15)
yl  y 2 “ y 2 yl

Using (B.12) and (B.13) and le t t i n g  |A| = det (A), th e se  become 

(B2 ^  -  Bx A2 )S2 ♦ 0( . )
P =

a =

|a | s 2 + (A1 B2 -  A2 B1 + A2 B1 -  Ax B2 )s + 0(1)

(B.16)

(B1 A2 -  B2 A1 ) s 2 + 0(b)

|a | s 2 +  ( a 1 ' b 2 -  A2 b 1  + a 2 B1 -  l ± b 2 ) s + 6(1)

(B.17)
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Let us f i r s t  consider th e  genera l ca se , A.^ 0 , |a |  ^ 0 , 

B 0. Then (B .l6 ) and (B.17) y ie ld

(B A -  B A_) 
o.  ...2— 1 — 1 -2. + o ( s - l ) (B.18)

(B A. -  B. JL) 
p =--------- -------- — ^ • + 0 (s - i l) (B.19)

or

p = + 0 ( r ) ,  p = j j y  + 0 (r)  (B.20)

where

C E (B2 Ax -  B1 Ag), E E (B1 A2 -  B2 Ax ) (B.21)

Now, when = <f>o = 0 th e  so lu tio n s  o f (2 .l8 a )  and 2 .l8 h ) are

p = ------ 2— Z -I—  g =  2-----------  (B .22)
k  / O \  o 0 - 0  ,  O s. 2  0 - 0(p - r ) z -  a a (p - r )*  -  a a

fo r  the  case p = p ^ Q , a ^ 0 , p 2 ^ a a  (see Ref. 37). The n u l l  

geodesics described  "by (B.22) a re  what are known-as " sp h e r ic a l rays" 

For sm all values o f r ,  (B.22) can be expressed as

p =  6------- + 0 ( r ) ,  p = ------ - ----------   + 0 (r )
0 2  0 - 0  O2 0 - 0  'p z -  0 0 p ^ - P P

(B.23)
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which are  o f th e  same form as (B.2Q), T herefore , fo r  ipQ and $ 

re g u la r ,  th e  g enera l so lu tio n s  o f (B .la ) and (B .lh ) correspond to  

sp h e ric a l rays near r  = 0 .

Next, we consider th re e  sp e c ia l c a se s , one o f which w ill  

le ad  to  th e  choice we have, adopted in  our work, namely, p = -  r _1 + 0 (z 

and a = 0 ( r ).

I .  B = 0 , _A ^ 0 , [A| 4 0: For th i s  special, c ase , (B .l6 ) and (B.17)

y ie ld

0(s )  0 (a)p -   ----- i—r.,_.------  ,  a  = ----------------
|a |  s 2  + 0 (1 ) |a |  s 2 + 0( 1 )

(B. 2k)

i . e .

p = 0 (s_1) = 0 ( r ) ,  a = 0 ( s - 1) = 0 ( r ) .  (B.25)

Since p , a 0 as r  + 0 , th i s  case th e re fo re  corresponds lo c a lly  to  

"plane ra y s" .37

I I .  B 4 0 , 0 , |A| = 0: Using (B .2 l) in  (B .l6 ) and (B .17), we

get

_ C s 2 + .6 (a) _ E s 2 + 6(a)P -  A * o — ^
(C -  C)a +. 0(1) (C-C)s + 0(1)

(B.26)which y ie ld  '

p -  _Cs—  + } 0 _ _Es—  + 0 ( l j
C -  C C -  C

(B.27)
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Since p = p , we must have C = -C, i . e .  C = i  a ,  where a i s  r e a l .

Moreover, since  | a | .= 0 o r A  ̂ -  Ag A  ̂ = 0 we can w rite  E as

B = Bl ^ V B2 j | Al  ■ = - i a e 2 i “ (B' 26!

where A1 = |A1 |ei® . S u b s titu tin g  these  in to  (B.27) we ob ta in

2ia
p = -  J H  + 0 (1 ) ,  a = r - 1 + 0 ( 1 ) (B.29)

u* u uf u uf u —icx By means o f a  s p a t i a l  ro ta t io n  I  = II , a  = n , m = i  e , we

can s e t a = J r -1  + 0 ( l ) .  Then, i f  we l e t

P = -  £ . r -1 + g , u = ]  r ' 1 + h ,

where g , h = 0 ( l ) ,  and s u b s t i tu te  th ese  in to  (B .la ) and (B .lb ) ,  

we get

Dg + r _1 g -  £(h + h ) r -1  = 0 ( l)  (B.30a)

Dh + r - 1 h -  g r - 1 = 0 ( l)  (B.30b)

Remembering th a t  g i s  r e a l  because p i s  r e a l ,  we can combine (B.30a) 

and (B.30b) to  o b ta in

D(h + E + 2g) = 0 (1 ) ,

which im plies th a t  h + E = - 2 g.+ 0 ( r ) .  P u ttin g  th i s  back in to  

(B.30a) we then  ge t
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Dg + 2: r"1 g = 0(1),

w ith th e  so lu tio n  g = 0 ( r ) .  I f  we now s u b s t i tu te  th i s  in to  (B.30b) 

and in te g ra te ,  we a lso  f in d  th a t  h = 0 ( r ) .  Hence, p and a "become

P = " a = ^ : + 0 ( r )  (B.31)

L o ca lly , th e se  expressions fo r  p and a s a t i s f y  p2 = era, and so 

th e  case |a |  = 0 corresponds to  " c y lin d r ic a l  rays" near r  = 0 . 37

I I I .  B ^ 0 , A = 0: For th i s  case we f in d  from (B .l6 ) and (B.17)

th a t

p = 0(s)  = 0 ( r - 1 ) , o = 6 (s )  = 0 (r- 1 ) (B.32)

S u b s titu tin g  th i s  in to  H, we get H = 0. ( r _1) ,  and assuming th a t  H

is  n o n -s in g u la r, i . e .  p2 4 a d , . we can express (B.3) as

DH-1  = -  I  -  H"'1 J  H- '1 . (B.33)

But since  H7 1 = 0_(r) and J  = 0.(1), (B.33) "becomes

DH" 1 =-1. + £ ( r 2) ,  (B.3U)

which can "be in te g ra te d  to  y ie ld

H- 1 = -  !_ r  + 0 ( r 3) , (B.35)

th e  constan t o f in te g ra tio n  being zero because H.-1  = 0 ( r ) .  Taking 

th e  inverse  o f (B .35), we then  obta in

H » -  I  r "1 + o(r) , (B.36)
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i.e.

p = _ ^  + 0 ( r ) ,  a = 0 ( r )  (B.37)

which i s  p re c ise ly  the  condition  we have adopted in  our approach 

to  equations o f motion. Since p i- 0 , a = 0 near r  = 0 according 

to  (B.37)j  th e  case A = 0 th e re fo re  corresponds lo c a lly  to  sh ear- 

f re e  sp h e ric a l r a y s . 37
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APPENDIX C

In  Chapter 4 .0  and 5.0 we adopted the assumption <|i° = 0.

We now show th a t  a t  le a s t  fo r  empty space th e  conditions p = -  r _1 

+ 0 ( r )  and a = 0 ( r )  lead  to  th e  r e s u l t  = 0 .

Consider th e  in te g ra tio n  of th e  r a d ia l  equations in  Section  

4 .1  w ithout th e  assumption = 0. S ta r t in g  w ith (4 .2 0 a ) , i . e .

Di^ + 4 r -1  ^  = 0 ( r - 2 ) -*■ = i|>° r -lt + 0 ( r _1)

(C. l )

we go on to  ( 2 . 1 8 , d , c , e , ) '  and ( 2 . l 6h ) '  and ob ta in

(2 . l 8d ) ' DS + r - 1 g = r “4 + 0 ( r _1)->-

3 = -  i  <J>° r -3  + e° r ' 1 + 0(1) (C,.2)

(2 .1 8 c ) ' Da + r ” 1 a = -  £ iji° r “2 -  \  i|j° r  1 + 0 ( l )

a = -  I iji° i|»° r _1 log  r  + a0 r ” 1 -  j  ^  ij)° + 0 (r )

(C.3)

( 2 . l 8e) T = a + S = - £ < J j ° r 3 - J i J j ° i j i °  r _1 l og r  + 0 ( l ) ,

(C.4)

where we have s e t  x° = a° + g° = 0 by means o f a n u ll  ro ta t io n .

(2 .l6 b ) ' Du + r _1 u = \  r  3 + 0 ( r_1 log  r )  -*

u =-£ r "2 + u° r ” 1 + 0(log r )  (C.5)

From ( 2 .17b) ,  however, we f in d  th a t
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u° = 0 , a° = ■ I f  + F  ^1 ' ^c *6^

Using th i s  to  in te g ra te  th e  r a d ia l  equations f u r th e r » we ge t the 

r e s u l t s :

^  ~ I 'I'q r~l + I lo e r  + ° ( 1 )

(C.Ta)

a = -  £ iji° <J>° r ""1 log  r  + oi0 r ""1 -  J ^  i|>° + 0 ( r )

(C.Tb)

0 = -  \  i|>° r ~ 3 -  a0 r "1 -  J i/Iq ijJ° + 0 ( r  log r )  (C.7c)

x = -  £ ip° r -3  -  I <Jj° 5° r -1 log  r  -  ^  ^  5P° + 0 ( r  log  r )

(C.7d)

u> = -  \  i|/° r -2  + J ij£ log  r  -  <ji° + &  'l£''F° r  + 0 ( r 2 )

(C.7e)

Then in te g ra tin g  (2 .l6 c )  we o b ta in

XA = ?* Re (\p° 5oA) r _3 +  ̂ Re (ifi° i/j° £°A) r  1 log  r

-  I Re ($£ <|>° 50A)r _1 -  \  Re C°A) log r  + XoA

+ 0 ( r  log  r)

The next s e t  o f r a d ia l  equations (2 .l8 g ) ', (2 .l8 h ) \  and (2.20b)' 

can be in te g ra te d  s im ila r ly  by using  th e  lemma given in  Section  lr.1 

to  show th a t  when if>° 4 0 , A = 0 (r **), y = 0 ( r - 6 ) and ip̂  = 0(r~7).
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Thus, we have the following results:

X = " -it KW r"3 “ 2k ^ > i l 2 r"2 + 0 r̂_1 (log
(ctf7g)

U = \  k ° l 2 r ~5 “ \  r " 3 log r  -  ^  [§ > °  -  -j ip°(^°)2] r " 3

+ Re [ ^ ( i j i ° ) 2 ] r “ 2 lo g  r  + {jr Re 0^(ij5°)2 ] -  r ~2

-  ^ ° ) + j  U ° | 2 U ° | 2 ] r ” 1 lo g  r  + y° r ” 1 + 0 ( lo g  r )

(C..7h)

>Ĵ2 = -  |  |il£ | 2 r ~6 + ^  * > ° ) 2 lo g  r  + [tf ^ ( i p j ) 2 ] ^

-  £  Re [ ^ ( ^ ) 2 ] r -3  l o g  r  + r “ 3 -  ^  ^°)

+ y j  k ° | 2 k ° ( 2 ] r "2 + 0 ( r _1 l o g  r )  ( C . 7 i )

F in a l ly ,  th e  in t e g r a t i o n  o f  ( 2 . l 6 d )  and ( 2 . l 8 f )  y ie ld s

U = -  ■—  U ° | 2 r " ^  + 0 ( r -2  lo g  r )  (C ..7J)

Y = ^  U ° | 2 r " 5 + 0 ( r -3 lo g  r )  , (C.7k)

w here o n ly  th e  le a d in g  te rm s have "been w r i t t e n  ou t e x p l i c i t l y  b ecau se  

th e  o th e r  te rm s w i l l  n o t be  r e q u ir e d  in  what fo llo w s .

L et us s u b s t i t u t e  th e  r e s u l t s  ( C*7 a -h )  to g e th e r  w ith  th e  

e x p re s s io n  f o r  p ,  a and g iv e n  in  ( 1+ - 7 ) 9 ( ^ - 8 ) ,  and (U .1 5 ) in to
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th e  n o il-rad ia l equation  (2 .19g ) ,  namely,

U Dct + a + o ,A -  ioDt -  ?A t , a  + 2tB + (y + y -  3 )a + Ap = 0 .

Taking only th e  lead ing  terms we ob ta in

•jj- (i|>°)2r “6 + 0 ( r -lt log  r )  = 0 , (C .8 )

which im plies th a t  = 0. T herefore , under the assumption th a t  

p = -  r -1 + 0( r )  and a = 0 ( r ) ,  th e  c o e f f ic ie n t  of r -l+ in  th e  Weyl 

te n so r  v an ish es , which means th a t  th e  elem entary s in g u la r i ty  cannot 

have an in t r in s ic  mass d ipo le moment and angular momentum. I t  is  

our guess th a t  th i s  r e s u l t  fo r  empty space a lso  holds in  th e  E in s te in -  

Maxwell theory-
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